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Abstract. In this paper we prove Lusztig's conjecture on based ring for an 
affine Weyl group of type An-i- 
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Introduction 



The Kazhdan-Lusztig theory deeply increases our understanding of Coxeter 
groups and their representations and their role in Lie representation theory. The 
central concepts in Kazhdan-Lusztig theory include Kazhdan-Lusztig polynomial, 
Kazhdan-Lusztig basis, cell, based ring. Kazhdan-Lusztig polynomials play an 
essential role in understanding certain remarkable representations in Lie theory, 
for instances, the representations of quantum groups at roots of 1, the modular 
representations of algebraic groups, the representations of Kac-Moody algebras. 
Kazhdan-Lusztig basis and cells are very useful in understanding structure and 
representations of Coxeter groups and their Hecke algebras. 

The based ring of a two-sided cell of certain Coxeter groups is defined through 
Kazhdan-Lusztig basis by Lusztig in [L5]. The based ring is very interesting in 
understanding the concerned Hecke algebras and their representations (see [L5, L6, 
L8]). Moreover we can construct irreducible representations of the Hecke algebras if 
we know the structure of the based ring explicitly (see [X3]). This fact is remarkable 
since constructing computable irreducible modules of afBne Hecke algebras is in 
general difficult. Recently Lusztig introduced periodic W^-graphs for constructing 
finite dimensional modules of affine Hecke algebras (see [L9]). 

For the structure of the based ring of a two-sided cell in a Weyl group or in an 
affine Wcyl group, Lusztig has two nice conjectures, one for Weyl groups (sec [L7]) 
and the other for afhne Weyl groups that says the based ring is isomorphic to a 
certain equivariant i^-group (see [L8]). The conjecture for Weyl groups is proved 
by Lusztig (unpublished). The conjecture for affine Weyl groups is proved for rank 
2 cases, for the lowest two-sided cell of an affine Weyl group and for the second 
highest two-sided cell of an afBne Weyl group, see [XI, X3]. As an application, the 
author gives a classification of irreducible modules of the Hecke algebras of affine 
Weyl groups of rank 2 for any non-zero parameter, see [X3]. (When the parameter 
is not a root of 1, Kazhdan and Lusztig worked out the classification of irreducible 
modules of an affine Hecke algebra, see [KL2].) Also the author computed the 
irreducible modules of affine Hecke algebras associated with second highest two- 
sided cell, see [X3]. Recently Ram has developed an interesting combinatorical 
approach to study representations of affine Hecke algebras, see [Rl, R2]. 

In this paper we will prove Lusztig Conjecture on based ring for an extended 
affine Weyl group associated with the general linear group GL„(C) or the special 
linear group S'L„(C), which is of type A„_i. 

Let us here briefly explain the idea of the proof of the conjecture for type 

For each two-sided cell of the extended affine Weyl group associated with GLn (C) , 
we first show that the based ring of the two-sided cell is a matrix algebra over the 
based ring of the intersection of a left cell in the two-sided cell and its inverse (a 
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right cell). Then we show that the based ring of the intersection is isomorphic to 

the (rational) representation ring of a certain connected reductive algebraic group 
over complex numbers. The main difficulty is to establish a bijection between 
the intersection (of a left cell in the two-sided cell and its inverse) and the set of 
isomorphism classes of irreducible rational representations of the algebraic group, 
and to show that the bijection leads to the isomorphism between the based ring of 
the intersection and the representation ring of the algebraic group. The bijection 
is established in Chapter 5. In Chapters 6 and 7 we prove several formulas in the 
based ring of the intersection, the corresponding formulas in the representation 
ring of the concerned algebraic group are obvious. Using the formulas established 
in Chapters 6 and 7, in Chapter 8 we show that the bijection in Chapter 5 is the 
right one. In Chapter 8 we also show that Lusztig Conjecture on based ring is 
true for the extended affine Weyl group associated with S'L„(C) and can not be 
generalized to arbitrary extended afRne Weyl groups. 

The contents of the paper are as follows. 

In Chapter 1 we recall some basic definitions and facts about cells and based 
rings. In section 1.4 we prove some simple properties about the structure constants 
of a based ring that are important to our proof of Lusztig Conjecture on based 
ring for an affine Weyl group of type A„_i. In Chapter 2 we discuss the structure 
of cells in the extended affine Weyl group associated with GL„(C). The cells in 
the extended affine Weyl group arc explicitly desc;ribcd by Shi and Lusztig (see 
[S, L3]). In section 2.3, we show that the based ring of a two-sided cell of the 
extended affine Weyl group is isomorphic to a matrix algebra over the based ring 
of the intersection of any given left cell in the two-sided cell and its inverse (a right 
cell). Thus to understand the based ring of the two-sided cell, we only need to work 
out the structure of the based ring of the intersection of a left cell in the two-sided 
cell and its inverse. In section 2.4 we discuss chains and antichains defined by Shi, 
which are essential for our bijection between the intersection of a left cell and its 
inverse and the set of isomorphism classes of irreducible rational representations of 
the corresponding algebraic group. 

In Chapter 3 we give some discussion to canonical left cells. Although we do 
not need the results in this chapter for the proof of our main result of the paper, but 
for other types canonical left cells maybe play a big role for some questions such as 
Lusztig Conjecture on based ring and properties of Lusztig bijection between the 
set of two-sided cells of an affine Weyl group and the set of unipotent classes of the 
corresponding algebraic group. 

In Chapter 4 we describe the reductive algebraic group corresponding to a two- 
sided cell in the extended affine Weyl group associated with GL„(C) and recall 
some needed results about the representation ring of a general linear group over 
complex numbers. 

In Chapter 5 we establish a bijection between the intersection of a left cell and 
its inverse and the set of dominant weights of the corresponding reductive algebraic 
group. We obtain this bijection by means of antichains and this bijection is one 
key to our main result. 

In Chapters 6 and 7 we work with the based ring of the intersection of a left 
cell and its inverse. Believing in that Lusztig Conjecture is true, motivated by some 
simple multiplication formulas in the representation ring of the concerned reductive 
algebraic group, we prove some multiplication formulas in the based ring. Using 
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the formulas in Chapters 6 and 7, in Chapter 8 we prove that the based ring of the 
intersection is isomorphic to the representation ring of the corresponding reductive 
algebraic group. This completes our proof of Lusztig Conjecture on based ring for 
type An-i. In Chapter 8 we also discuss the based rings of extended afBne Weyl 
groups associated with the projective linear group PGL„(C) and with the special 
linear group 5'L„(C). 

It is expected that the explicit knowledge on the based rings will have nice 
application to representation theory of the concerned afRne Hecke algebras. It 

is interesting that we can use the explicit structure on based ring to find leading 
coefficients of some Kazhdan-Lusztig polynomials, the details will appear elsewhere. 

I am very grateful to Professors V. Chari and J.-Y. Shi for helpful discussions. 
I thank Professor Le Yang for his constant encouragement. I would like to thank 
Professor G. Lusztig for many helpful comments. I am greatly indebted to the 
referee for carefully reading, very valuable comments and for pointing out a serious 
gap in an earlier version of the paper. Part of the work was done during my visit 
to Department of Mathematics at University of California at Riverside, I thank the 
Department of Mathematics for hospitality. The author was in part supported by 
Chinese National Sciences Foundation. 



CHAPTER 1 



Cells in AfRne Weyl Groups 



In this chapter we first recall some basic concepts such as cell, based ring, etc., 
then in section 1.4 we give some discussions to star operations. In section 1.1 we 
recall the definition of Kazhdan-Lusztig basis of a Hcckc algebra. In section 1.2 
we recall the definition of cell and of the a-function. In section 1.3 we recall some 
properties about the integers 'yw,u,v (defined through the structure constants of 
Kazhdan-Lusztig basis), which arc due to Lusztig. 

The star operation was introduced in [KLl] and is a useful tool to study cells 
of Coxeter groups. In section 1.4 we prove some interesting results about the 
relations between star operations and the integers "fw,u,v The main result in this 
section is Theorem 1.4.5 which says that the integers jw,u,v are invariant under star 
operations. In section 1.5 we recall the definition of based ring (due to Lusztig, see 
[L5]) and Lusztig's nice conjecture about the structure of the based ring of a two- 
sided cell of an affine Weyl group. A few comments about the conjecture are given 
. In section 1.6 we discuss the relationship between the generalized star operations 
(see [L4]) and the integers jw,u.v The results in section 1.6 should be helpful for 
understanding the structure of the based ring of a two-sided cell of an affine Weyl 
group of type B„, Cn, F4. 

The basic references for this chapter are [KLl] and [L4-L8]. 



Here Hecke algebras are defined for extended Coxeter groups. 

Let (W , S) be a Coxeter system with S the set of simple reflections. Assume 
that a commutative group Q acts on {W , S). Then we can consider the extended 
Coxeter group W = fix W. The length function I on W and the peirtial order 

< on W are extended to W as usual, that is, 1{luw) = l{w), and ojw < uj'u if and 
only \i oj = oj' and w <u, where lo, uj' are in fl and w, u are in W' . 

Let q be an indeterminate. The Hecke algebra H of [W, S) over A = l\q^ q~^\ 
with parameter q^ is an associative algebra over A, with an Abasis {T^ \ w G W} 
and relations (1) {T,-q^)(Ts + l) = if s e S, (2) r^T„ = if l{wu) = l{w)+l{u). 

Let a — » a be the involution of A defined by q = q~^. Then we have a bar 
involution of H defined by 



For each w € W there is a unique element Cw in H such that Cw = and 
Cw = J2y<w Py,w{Q^)Ty, where Py^y, is a polynomial in q of degree < ^{l{w)- 

l{y) - 1) if l{w) > l{y) and P^,^ = 1. 



1.1. Hecke algebra 




a, 



'W 
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The basis {Cw \ w G W} is the famous Kazhdan-Lusztig basis of the Hecke 
algebra H and the polynomials Py^ui arc the celebrated Kazhdan-Lusztig poly- 
nomials. The basis and the polynomials have deep relations with the geometry of 
Schubert varieties when W is the Coxeter group associated with a Kac-Moody al- 
gebra and the polynomials are essential in understanding some difficult irreducible 
representations (such as the finite dimensional irreducible representations of quan- 
tum groups at roots of 1, some irreducible representations of Kac-Moody algebras, 
irreducible rational representations of algebraic groups over an algebraic closed field 
of positive characteristic, etc.). 

The basis also plays an important role in understanding the representations of 
the Hecke algebra H, sec [KLl, L4-L8]. Through the basis Lusztig defined based 
ring for some Coxeter groups (including Weyl groups and affine Weyl groups). In 
this paper we will determine the structure of the based ring of an afBne Weyl group 
of type A„_i. Applications to the representation theory of the concerned Hecke 
algebras will appear elsewhere. 

liy < w and y ^ WjWe have Py^^, = ii{y, w)g5('('")~'(^)~^)-|-lower degree terms. 
We write y -< w if iJ,{y, w) ^ 0. We then set /i(y, w) = ^{w, y). We shall write y — w 
if fj,{y, w) ^0 ov fi{w, y) ^ 0. We have 

(a) Assume that y <w and s G S. If sw < w, then sy < w and Py^w — Psy,w If 
ws < w, then ys <w and Py^w = Pys,w See [KLl]. 

1.2. Cell and a-function 

Cells of Coxeter groups are defined in [KLl] and are useful in understanding 
the structure and representations of W and of the Hecke algebra H. Also we can 
systematically construct representations of Hecke algebras by means of the cells 
(see [KLl, L4, L6, L8]). 

Let us recall the definition of cells of Coxeter groups. For w £ W set 

L{w) = {s € S \ sw < w} 

R{w) = {s € S \ ws < w}. 
Let w and u be elements in W'. We say that w < u (resp. w < u;w < u) if there 

L R LR. 

exists a sequence w = Wo,Wi,W2, ---TWh = u in W such that for i — 1,2, ...,fc we 
have iJ,{wi-i,Wi) ^ and L{wi-i) % L{wi) (resp. R{wi-i) % R{wi); L{wi-i) % 
L{wi) or R(wi-\) % R{wi)). Then for any u},u)' in O we say that uiw < co'u (resp. 

L 

WW < uu)'\ WW < w'u) ifw<u (resp. w <u, w < u). 

R LR L R LR 

For elements w,u in W we write that w ^ u (resp. w ^ u; w ~ u) if 

L R LR 

w < u < w (resp. w < u < w; w < u < w). The relations <,<, < are 

L L R R LR LR L R LR 

preorders on W and the relations ^, ~, ^ arc equivalence relations on W. The 

L R LR 

corresponding equivalence classes are called left cells, right cells, two-sided 
cells of W, respectively. The preorder < (resp. <; < ) induces a partial order on 

L R LR 

the set of left (resp. right; two-sided) cells of W, denoted again by < (resp. <; < ). 

L R LR 

The following properties (see [KLl] or [L4, L5]) will be needed. 
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(a) If w < M, then R{'w) 3 R{u). In particular, if w ^ u, then = R{u). 

L L 

(b) liw<u, then L{w) 3 L{u). In particular, if w ^ «, then L{w) = L{u). 

R R 

For any £ H and w e W we write 



Then 

{c)v<w (resp. v<w\ v < w) if /i„ ^ (resp. h'^ 0; h'^ 7^ 0). 

L R LR 

(d) Assume that (W, 5) is crystallographic and that there exists a positive integer 
ao such that a{v) < uq for aWv G W (see below for the definition of a{v)). lihy ^ 
(resp. h'y ^ 0) and w ^ v (resp. w ii), then w v. 

The a-function on W introduced by Lusztig is a useful tool to study cells of 
W and is also necessary for defining based ring of two-sided cells. Given w^uinW 
we write 

For V GW we define a(t')=the minimal non-negative integer i such that q~'hw^u,v 
is in 1'[q~^] for all w, u in If such i does not exist we set a{v) = 00. 

Set = g-'("')T^ for wgW. Then G + g-^ J^xew ^Q~^]Cx- Write 

Then we also have a(u)=the minimal non-negative integer i such that q~^h[y „ ^, is 
in for ah u in H^. See [L4]. 



1.3. AfHne Weyl group 

We are mainly interested in extended affine Weyl groups and their Hecke alge- 
bras (especially of type An^i). In this section wc recall some properties about the 
integers 'yw,u,v defined through the Kazhdan-Lusztig basis of an afiine Hecke alge- 
bra. The integers are actually structure constants of the based ring of the extended 
affine Weyl group. 

Let G be a connected reductive group over C. Let Wo,X,P,R be the corre- 
sponding Weyl group, weight lattice, root lattice, root system, respectively. Then 
W = Wo IX P is an affine Weyl group and W = Wq k X is an extended affine 
Weyl group. Let 5 be a set of simple reflections of W such that SnWo generates 
Wq and is a set of simple refiections of Wq. We can find an abelian subgroup O of 
W such that uiS = Suj for any lj e fl and W = fl K W. 
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Lusztig proved that the number of left cells in W is finite. Moreover each left 
cell of W contains a unique element of 

V = {w e W I 2degPe,,.. =liw)- a{w)}, 

where e is the neutral element of W. The set 2? is a finite set of involutions of W. 
The elements in V will be called distinguished involutions. See [L5]. 

Let Wo be the longest element of Wq. We have a{w) < l{wo) = a{wo) for all w 
in W (see [L4]). Thus for any w,u,v G W we can define an integer 'yw,u,v by the 
condition 

see 1.2 for the definition of hw,u,v' The following are some properties of '7io,-u,,v 

(see 

[L5] for (a)-(e) and [L4] for (f)). 

(a) If 'yw,u,v is not equal to 0, then w ~ u~^, u ^ v and w v. In particular we 

L L R 

have w ~ u v if 7^ u is not equal to 0. 

LR LR ' ' 

(h) ^w,u,v — ^u,v^^ ,w^^ and 'yu-^ ,v^^ ^w,u,v- 

(c) Let d be in V. Then ^w,d,u ^ ii and only ii w = u and w d. Moreover 

(d) w ^ u^^ if and only if ^w,u.v is not equal to for some v. 

(e) If w < u then a{w) > a{u). In particular if w ^ u then a{w) = a{u). If w < u 

LR LR L 

(resp. w < u; w < u) and a{w) = a{u), then w ^ u (resp. w ^ u; w ~ u). 

R LR L R LR 

(f) The positivity: ^w,u,v > for all w, u, v in W. 

1.4. Star operation 

Let (W^, 5) be as in section 1.3. There is a very useful operation on W, called 

star operation, introduced by Kazhdan and Lusztig in [KLl]. In this section we 
study the relations between star operation and the integers jw,u,v The main result 
is Theorem 1.4.5. 

1.4.1. Let s and f be in S such that st has order 3, i.e. sts = tst. Define 
DL{s,t) = {w £W \ L{w) n {s,t} has exactly one element}, 

Dr{s, t) = {w €W \ R{w) n {s, t} has exactly one element}. 

If w is in DL{s,t), then {sWjtw} contains exactly one element in DL{s,t), 
denoted by *w, here * = {s,t}. The map: DL{s,t) DL{s,t), w — > *w, is an 
involution and is called a left star operation. Similarly if w G Dji{s,t) we can 
define the right star operation w ^ w* = {'WS,iut}r\Dii{s,t) on Dji{s,t), where 
* = {s,t}. The following are some properties proved in [KLl]. 

Let * = {s,t}. Denote by < s,t > the subgroup of W generated by s and t. 

Assume that y,w are in Di^{s,t). We have 

(a) If yw~^ is not in < s,i >, then y ^ w if and only if *y -< *w. Moreover 
IJ,{y,w) = iJ,{*y,*w). 
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(b) If yw ^ is in < s,t >, then y -< w if and only if *'w -< *y. Moreover w) = 
,i{*w,*y) = l. 

{c) y ^ w if and only if *y ~ *w. 

R R 

(d) w ~ *w. 

L 

Let * = {s,t}. Assume that y,w are in Dji{s,t). We have 

(e) If y~^w is not in < s,t >, then y -< w if and only if y* -< w*. Moreover 
fi{y,w) = fi{y*,w*). 

(f) If y~^w is in < s,t >, then y -< w if and only if w* -< y* . Moreover ii{y,w) = 

Hiw*,y*)^l. 

{z) y if S'lid only w* ~ 2/* • 

(h) w ^ w*. 

R 

Finally we have 

(i) If r C Dr{s, t) is a left cell of W, then Y* = {w* \ w & T] is a left cell of W, 
here * = {s, t\. 

The following lemma shows that Cw* and C*w have nice relationship with C^. 

Lemma 1.4.2. Let s, t be in S such that st has order 3. Set * = {s,t}. 

(a) Assume that w is in D]^{s, t) and s *w < *w. Then 

CsCyj = C-w + ^ iJ,{y,w)Cy. 

y-w 
SV<V 
ty<y 

(b) Assume that w is in Dii{s, t) and w* s < w*. Then 

CyjCs = Cyj* + ^ ll{y,W)Cy. 

y-w 

ys<v 
yt<y 

Proof, (a) Since s *w < *w, we have sw >w and tw < w. Thus (see [KLl]) 
CsCu, = Csw + X] M(2/'^)Cy 
sy<y 

If w = tw' with sw' > w' and tw' > w', then *w = sw. By 1.1 (a), for y ^ w with 
sy < y we have ty < y. In this case (a) is true. If w = tsw' with sw' > w' and 
tw' > w' , then *w = sw' and sw = stsw' . Moreover, by 1.1 (a), if y ^ *w, y -< w 
and sy < y then we have ty < y. In this case (a) is also true, (a) is proved. The 
proof of (b) is similar. 

Lemma 1.4.3. Let s,t,s',t' be in S such that both st and s't' have order 3. 
Assume that w is in Dl{s, t) n Dr{s' , t'). Set * = {s, t} and * = {$', t'}. Then 

(a) *w is in Dr^s' ,t') and w* is in DL{s,t). 

(b) *{w*) = {*w)*. We shall write *w* for *{w*) = {*w)*. 
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Proof, (a) By 1.4.1 (d), w ^ *w, thus we have R{w) = R{*w) (see 1.3 (a)), so 
*w is in Dr{s' ,t'). Similarly we see that w* is in Di,{s,t). 

(b) By (a), (*«;)* and *{w*) are well defined. Since {*w)* ~ *w and *{w*) ~ w*, 
we have 

(1) = L{{*wy) and = R{*{w*)). 
Thus we have 

(2) Both {*wY and *(t(;*) are in DL{s,t) ^ Dr{s' ,t'). 

It is no harm to assume that s *w < *w and w* s' < w*. Then sw > w and 
ws' > w. We also have sw* > w* and *ws' > *w since w* w and *'u; ~ Write 

R L 

{CsCui)Cs' = ^ ^ hyCy, hy G A.. 

yew 

By Lemma 1.4.2 and 1.2 (b-c), we get 

(3) 7^ 0. Moreover, if y 7^ {*w)* and /ly ^ 0, then y is not in Dl{s, t) or y is 
not in Dji{s', t'). 

Noting that Cs{CwCs') = {CsCw)Cs' , using Lemma 1.4.2 again wc sec 
is not equal to 0. Now using (2) and (3) we get = {*'w)*. (b) is proved. 

The lemma is proved. 

Proposition 1.4.4. Let s,t,s',t' be as in Lemma 1.4.3. Set * = {s,t} and ★ = 
{s',t'}. Suppose that w is in DL{s,t) and u is in Dr{s' ,t'). Let v be in W such 
that V ^ u and v w. Then 

L R 

(a) We have v G Dl{s, t) n Dii{s\ t'), so we can define *v*. 

(b) hw,u,v = h*w,u*,'v*t see 1.2 for the dehnition of hw,u,v 

Proof, (a) is trivial. 

(b) We have *v* ~ v* and *v* ~ *v. By definition we have 

L R 

(1) CnjCy, — ^ ^ ^w^u^z^zt hw,u,z ^ 

zeW 

We may assume that sw > w and us' > u. Using Lemma 1.4.2 we get 

(2) CgCw = C-w + ^ ^ hyCy, hy € j[. 

sy<y 
ty<y 



xs' <y 
xt'<y 



Write 

(4) CsC.Cs' = U^'Cz', fz,z' e A. 



z'ew 
Then we have 
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(5) CgCwCuCsi — ^ ^ {h*w,u*,z' + y ] ^v^y,t' 



z'eW y^'w 

sy<y 
ty<y 

x^u* y=^*'w x^u* 

xs'<y sy<y xs'<y 

xt'<y ty<y xt'<y 

(6) J2 

hw^u^zCzCs' — ^ ^ ^ ^ f^w^u,zfz,z'Cz'' 

zew z'ewzew 
Using (1) and comparing (5) with (6), we get 

(7) h*ui,u*^z' ~t~ ^ ^ hyhy^u*,z' ^ ^ h^h*uj,x,z' ~l~ ^ ^ ^ ^ ^y^x^y^x,z 

y=^*w X^U* y^*w X^U* 

sy<y xs'<y sy<yxs'<y 

*y<V xt'<y *y<y xt'<y 

= E h^,u,zfz,z'- 
zew 

Using 1.2 (a-b) we see 

(8) Assume that z' ~ *w and z' ~ u*. Then 

^ ' R L 

hyhy^u*,z' + h'^h*w,x,z' + ^y^x^y,x,z' = 0. 

y^'^w x^u* y^'^w x^u* 

sy<y xs'<y ^y<y xs'<y 

ty<y xt'<y ty<y xt'<y 



When hw.u,v = we must have h*w^u**v* = 0. Otherwise, noting that 

*v* ~ *w and *v* u* , by (7) and (8) wc have h-'^^u*,'v* = ^ hw,u,zfz,*v* 

^ ^ zew 

and huj^u.zfz.'v* 7^ for some z. Assume that hw,u.zfz*v* 7^ 0. By 1.2 (c) and 1.3 
(e) we have z ^ w and z ~ m. By the proof of Lemma 1.4.3 we then have fz*z* = Ij 

and z" rf. *z, z" 7^ z* if fz,z" + and 7^ Thus *w* = *z* and w = This 

contradicts that hyj^u,v = 0. Therefore h*w,u**v* = whenever hw,u,v = 0. 

Now suppose that hw,u.v 7^ 0. As above we have z = v whenever hw,u.z.fz.*v* 7^ 
0, and fv,*v* = 1- Using (7) and (8) we then get h*y,^u**v* = hw,u,v in this case. 
We proved (b). 

The Proposition is proved. 



Theorem 1.4.5. Suppose thatw isin DL{s,t)nDii{s" ,t") anduisin DL{s",t")n 
Dr{s', t'). Set * = {s, t}, # = {s", t"}, and ★ = {s', t'}. Let v be in W such that v 
is in Dl{s, t) n Dii{s', t'). Then we have 



Proof. By Lemma 1.4.3 and Proposition 1.4.4 (a), the elements *w'^,'^u* and 
*v* are well defined. If either v w or v u, then both sides of the wanted 

R L 

equality are 0. Now suppose that v ^ w and v u. According to Proposition 1.4.4 
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(b) we have hw,u,v = h*w^u*,'v*- Therefore ')w,u,v = 7'w,u*,'v*- It is easy to see that 
= (w-i')*', *{w-^)* = and *{{*w)-'^) = {*w*)-K Thus we have 

7w,u,v = l*w,u^*v* using 1.3 (b) 

= lu*,('v*)--^,('w)--^ using Prop. 1.4.4 

= 7#M*,(*-u*)-i,#(('«))-i) 

= l#u*,Cv*)-\{'w#)--^ using 1.3 (b) 

The theorem is proved. 

Proposition 1.4.6. Let W he an extended afEne Weyl group. 

(a) Let I be a subset of S such that the subgroup Wj ofW generated by I is finite. 
Then the longest element wj is a distinguished involution. 

In (b) and (c) d is a distinguished involution. 

(b) For any Lu G fi, the element ujdoj~^ is a distinguished involution. 

(c) Suppose s,t G S and st has order 3. Thend G DL{s,t) ifandonlyifd G Dfi{s,t). 
If d G DL{s,t), then *d* is a distinguished involution. 

Proof, (a) is well known, see for example [L5]. 

(b) Since Ca,CwC^^-i = C^^^^-i and C^C^-i = 1, for any w, u,v inW we have 

and 

In particular we have a{(jjwoj~^) = a{w) and Pe,u>wu:-^ = Pe,w for any w G W. 
Noting that 1{uiwijO~^) = l{w) for any w in W, we see 

degPe.wda;-! = degPg.d = ^{l{d) - a{d)) = ^{l{u!du>~^) - a(a;dw"^)). 

By definition, Lodu)~^ is a distinguished involution. 

(c) Let d' be the distinguished involution of the left cell containing *d*. We 
have 

so *d* is an involution. Using 1.3 (c-d) wc get ^•'d*,d'*d* = 1- Using Theorem 1.4.5 
we then have ^d,*d",d = 1- Using 1.3 (b) we get 7»d'»,d,d = 1. Applying 1.3 (c) we 
have d=*d'*. Therefore d' = *d*. 

The proposition is proved. 
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1.5. Based ring 

Following [L5] we define the based rings. Let J be the free Z-module with a basis 
{t,u] I w G W}. The multiplication t^tu = '^v^w "f''^,"-^^'" defines an associative 
ring structure on J, see [L5]. The ring J is called the based ring of W, its unit 
is J2dev^'i- According to 1.3(a), for each two-sided cell c of W, the Z-submodule 
Jc of J, spanned by all (w G c), is a two-sided ideal of J. The ideal Jc is in 
fact an associative ring with unit J2de'Dnc^'i- The ring Jc is called the based ring 
of the two-sided cell c. For a left cell F of W, the Z-submodule Jmr-i of 
spanned by all (w £ Fn F^-^), is also an associative ring, its unit is ta, here d is 
the unique distinguished involution in F. 

Proposition 1.5.1. Let F be a left cell ofW. 

(a) For any w £ f2, F' = wFw"^ is a left cell ofW. Moreover the map w cuwlo~^ 
induces an isomorphism between the based rings Jmr-i and Jp/nr'-i- 

(b) Let s,t e S be such that st has order 3. Suppose F c L>ij(s, t). Then Jmr-^ — 
Jr.n(r*)-i, here * = {s,t}. 

Proof, (a) Obviously F' is a left cell of W. From the proof of Prop. 1.4.6 

(b) 

we see Twtuw-ijWMoi-ijWw-i — ^w,u,v for any w,u,v £ W. Therefore the map 
w — > u)ww~^ induces an isomorphism between the based rings Jrnr-i and Jp/^pz-i. 

(b) Suppose m; £ F n F"!. Then *w* is in F* n (F*)-i. The map w *w* 
defines a bijection between F n F~^ and F* n (F*)^^. According to Theorem 1.4.5 
we see that the map tw t*w* defines a ring isomorphism between Jp^p-i and 
■^rTi(r*)-i- 

The proposition is proved. 

The based rings Jc are very interesting in understanding the structure and 

representations of Hccke algebras of VF, sec [L5-L8]. If wc know the structure of Jc 
explicitly we can construct modules of affine Hecke algebras in a computable way, 
see [L8, X3]. 

Lusztig has a nice conjecture concerning the structure of Jc. Assume that G is 
connected and has a simply connected derived group. There is a natural bijection 
between the set of two-sided cells of W and the set of unipotent classes of G, see 
[L8]. Assume that u is an element in the unipotent class corresponding to a two- 
sided cell c of W. Denote by a maximal reductive subgroup of the centralizer 
Cg{u) of u in G. Lusztig conjectured that there exists a finite Fc-set Y and a 
bijection tt : c — > the set of isomorphism classes of irreducible J'c vector bundles on 
Y xY such that tw 7r{w) defines a ring isomorphism (preserving the unit element) 

between Jc and Kp^(Y x Y) and 7r(w^^) = Tr{w), see [L8] for the conjecture and 
for the definition of 7r(w). 

When Fc is connected (or equivalently Gg{u) is connected), Fc must act on Y 
trivially. In this case |F| is the number of left cells contained in c and Kf^{Y x Y) 
is isomorphic to the |y| x \Y\ matrix algebra M\y\{Rfc) over the rational repre- 
sentation ring Rp^ of Fc. Let IrrFc be the set of isomorphism classes of rational 
irreducible representations of Fc. Then Lusztig Conjecture says that there is a 
bijection 

TT : c ^ {{V,i,j) I V £ IrrFc, l<i,j< \Y\} 
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such that (1) the map t^, — » tt{w) defines a ring isomorphism between Jc and 

M|y|(i?i?,). where wc identify tt(w) = {V,i,j) with the matrix whose (i,j)-entry is 
V and other entries are 0, (2) tt{w~^) = {V*,j,i) if 7r(u') = {V,i,j), here V* is the 
dual of V. 

Lusztig Conjecture has been proved for the following cases, (1) c is the lowest 
two-sided cell of W, (that is, c is the two-sided cell of W containing the longest 
element wq of Wq,) see [XI], (2) rank 2 cases, see [X3], (3) the case a(c) = 1, see 
[X3]. 

When G = GLn (C) , each Fc is connected. The purpose of this paper is to show 
that Lusztig Conjecture is true for the extended afhne Weyl group associated with 

1.6. Star operation, II 

The star operation, introduced in [KLl], was generalized in [L4]. We are inter- 
ested in the relationship between the (generalized) star operation and the structure 
constants 7u',u.)j of the based ring of an extended affine Weyl group. In this section 
we show that Theorem 1.4.5 remains true for the generalized star operation. We 
also give a few other identities about the constants 'yw,u,v The results in this sec- 
tion arc not used in the sequent chapters but should be useful for understanding 
the based ring of an arbitrary extended afhne Weyl group. 

Let (W, S) be as in section 1.3. Assume that s and t are in S and st has order 
m. Denote by U the subgroup of W generated by s and t. Each coset Uw can be 
decomposed into four parts: one consists of the unique element x of minimal length 
in the coset, one consists of the unique element y of maximal length in the coset, 
one consists of the m — 1 elements sx, tsx, stsx, one consists of the m — 1 
elements tx, stx, tstx, .... The last two subsets are called left strings (related to 
{s, t}) and shall be regarded as sequences (as above) rather than subsets. Similarly 
we define right strings (related to {s,t}). We have (see [L4]) 

(a) A left string in W is contained in a left cell of W and a right string in W is 
contained in a right cell of W. 

Assume that w is in a left (resp. right) string (related to {s, t}) of length m — 1 
and is the zth element of the left (resp. right) string, we define *'W (resp. w*) to be 
the (m — i)th element of the string, where * = {s,t}. We have 

Lemma 1.6.1. Let w be in W such that w is in a left string related to * = {s,t} 
and is also in a right string related to * = {s', i'}. TJien 

(a) *w is in a right string related to {s',t'} and w* in a left string related to {s,t}. 

(b) *{w*) = {*wy. We shall write *w* for *{w*) = {*w)*. 

The proof is similar to that of Lemma 1.4.3 although more complicated. 

The following theorem is a generalization of Theorem 1.4.5 

Theorem 1.6.2. Let w,u,v be in W such that (1) w is in a left string related to 
* = {s,t} and also in a right string related to ij^ = {s' ,t'}, (2) u is in a left string 

related to ^ = {s', t'} and also in a right string related to -k = {s" , t"}, (3) v is in 
a left string related to * = {s, t} and also in a right string related to * = {s", t"}. 
Then 
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The proof is similar to that of Theorem 1.4.5. 

1.6.3. In this subsection we assume that s and t are in S and st has order 4. Let 
w,u,v be in W such that l{ststw) = 4 + l{w) and l{ststv) = 4 + l{v). As in the 
proof of Lemma 1.4.2 we have 



CtCsw = Ctsw + ^ n{y,w)Cy, 

y-w 

ty<y 
sy<y 

CfCstw = Ctstw + Ctw + lJ'{y^w)Cy, 



y-w 

ty<y 

sy<y 



y-w 

ty<y 
sy<y 

Considering the products CfCswCu, CtCstwCm CtCstswCu, and using the as- 
sociativity of multiphcation of the Hecke algebra H, we get 

(a) htsW,U,tV — hsw ^U^StV •) 

(b) htsw,u,tsv — ^sw,u,sv "i~ hsw,u,stsv i 

(c) htsw^u^tstv ~ hsw,u,stv^ 

(d) h-isiyj^u^tv ~t~ htw,u,tv ~ hstw,u^stvi 

(e) /it5fio,U,tsV ^StW,U^StSV1 

(f) ht8tw,u,tstv ~t~ hfyj^u^tstv ~ hstw,u,stv 

In particular, we have 

(^i ) '^tsw,u,tv ~ 1fsw,u,stvi 

(b') + 7sw .u.stsvt 

) '~itsw .u,tstv — '^sw ,u.stv •! 
) 'y t s tw .,u .tv ~^ 'ytWjU.tv '^fstw,u,stv> 
) 'ytstw ,u,tsv — '^fstw,u,stsv-! 
(■^ ) Itstw^u^tstv ~l~ 1tw^u,tstv 1stw,u^stv' 

One may compare the above equalities with the equalities in [L4, (10.4.2)]. 

Using 1.3 (b) and the above equalities wc can get more equalities for the structure 
constants of the based ring J, we omit them. When st has higher order, there exist 
similar equalities. We omit the discussion. 



CHAPTER 2 



Type An-i 

From now on we will concentrate on type A^-i- The cells of an affine Weyl 
group of type ^„_i have been described in [S, L3]. In this chapter we first recall 
some facts about the cells, then we derive some new results for our purpose. In 
section 2.1 we recall an alternative definition (due to Lusztig) for the extended affine 
Weyl group W associated with GL„(C). In section 2.2 we recall the description 
of cells of W in [S, L3]. For this description and later use we slightly refine the 
definition of chain and antichain in [S]. More precisely we will define d-chain (resp. 
d-antichain) and r-chain (resp. r-antichain). In this section we also consider the 
intersection of left cells and right cells. The intersections are important to our 
purpose. In section 2.3 we show that the based ring of a two-sided cell of W is 
isomorphic to a matrix algebra over the based ring Jmr-i for any left cell F in 
the two-sided cell (see Theorem 2.3.2). This is the main result of this chapter. 
Thus to understand Lusztig's conjecture on the structure of the based ring of the 
two-sided cell we only need to understand the structure of Jmr-i- We will do this 
in Chapters 5-8. 

For later use in section 2.4 we work out some results about chains and an- 
tichains. The results will be needed in Chapter 5 for defining the required bijection 
between F n F~^ and IrrFc, see Chapter 5. In section 2.5 we prove a result about 
star operation. 

2.1. The affine Weyl group associated with GL„(C) 

In this section we recall a definition of Lusztig for affine Weyl group of type 
An-i, see [L2]. 

Suppose that G = Gi„(C) is the general linear group over C of degree n. Then 

the Weyl group Wo of G is isomorphic to the symmetric group of n letters. Let T 
be the subgroup of G consisting of all diagonal matrices in G. Then T is a maximal 
torus of G and the weight lattice X is the character group of T. Let Tj G X be 
the homomorphism T C*, diag(ai, a„) ai. We have X =< ti,...,t„ > 
and the extended affine Weyl group associated with GL„(C) \sW = Wq k X. We 
identify Wq with the group of all the n x n permutation matrices (by a permutation 
matrix, we mean a monomial matrix whose nonzero entries are all equal to 1). Let 
Si {i = 1, 2, n — 1) be the simple reflection of Wq obtained from the identity 
matrix by interchanging the ith and the {i + l)th rows. Then SiTi = Tj+iSj and 

SiTj = Tj^i if i 7^ ^ + 1- 

Another realization of W, due to Lusztig, is as follows. Consider the permuta- 
tions cr : Z — > Z that satisfy a{i + n) = a{i) + n and ~ i) = O(mod n). 
All such permutations form a permutation group W* of Z. 
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Lemma 2.1.1: W is isomorphic to W*. 
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Proof. We can define a W^-action on Z as follows, 

j if j l(mod n), 

SiU) = { j + if .7 = i(mod n), 

j — 1 if j = z + l(iiiod n); 



TiU) = 



j if j ^ i(mod n), 
j + n if i = i(niod n). 



It is easy to check that this action defines an isomorphism between W and W* . 
The lemma is proved. 



We shall identify W and W^, using the above isomorphism. 
Lemma 2.1.2. The permutation wiZ— »Z, + 1 for all i, is in W. 
Proof. It is clear from the definition. 



2.1.3. The following are some simple properties of the extended afiine Weyl group 
W. 

(a) The center of W is generated by w". 

(b) cusi = Si+iu), where sq is defined by so(0) = l,so(l) = 0, so(i) = i if i ^ 
0, l(mod n), and Si = sj if i = _7(mod n). 

(c) Let il be the subgroup of W generated by to and W the subgroup of W generated 
by all Si . Then is an infinite cyclic group and W is an affine Weyl group of type 
An-i- Moreover we have W fl tK W. 

(d) We have n = uiSi_2Si-3 ■ ■ ■ so^n-i • • • Sj if i > 2 and ti = a;s„_is„_2 • • • si. 
Note that the length of is n — 1. 

(e) As a special case of the length formula in [IM], we have 

l<i<j<n 

where [h] is the integer part of h (recall that < h—[h] < 1). For a direct proof of 
the formula, see [S, Lemma 4.2.2]. 

(f) Let w e W. Then < + 1) if and only if w < wsk, see [S, Corollary 
4.2.3]. 
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2.2. Cells 

The cells in W have a beautiful combinatorial description, conjectured by 
Lusztig and proved by Shi. In this section we recall the description of cells of 
W in [S, L3]. 

Following Shi we define chains and antichains. More precisely we refine slightly 
his definition by defining d-chains, d-antichains, r-chains and r-antichains. 

Let IV be an element of W and ji,j2, ■ ■ ■ ,jk be integers. We call ji,j2, ■ ■ ■ ,jk 
a d-chain of w of length k and ...,'w{jk) an r-chain of w of length k if 

(1) ji < j2 < ••• <jk, 

(2) ji ^ ji' (mod n) whenever I <i i= i' <k, 

(3) w{ji) > W{j2) > ■ • • > w{jk), 

here d-chain means domain chain and r-chain means range chain. Thus a d-chain 
of W essentially is a subset of Z whose natural order is reversed by w. 

A d-chain (resp. r-chain) family set of w of index q is a subset F of Z such 
that (1) elements in Y are noncongruent to each other modulo n, (2) F is a disjoint 
union of q d-chains (resp. r-chains) Ai,...,Aq of w. We also call {Ai, ...,Aq} a 
d-chain (resp. r-chain) family of W. 

We call ji,j2, ■ ■ ■ ,jk a d-antichain of w of length k and w{ji), ...,'w{jk) an 
r-antichain of w of length k if 

(1) jk - n < ji < 32 < ■ ■ ■ < jk, (then ji ^ ji, (mod n) whenever l<i^i' <k,) 

(2) w{jk) - n< w{ji) < w{j2) < ■ ■ ■ < w{jk). 

A d-antichain (resp. r-antichain) family set of w of index g is a subset 
F of Z such that (1) elements in Y are noncongruent to each other modulo n, (2) 
y is a disjoint union of q d-antichains (resp. r-antichains) Ai,...,Aq of w. We also 
call {Ai, ...,Aq} a d-antichain (resp. r-antichain) family of W. 

Obviously if Y is an r-chain (resp. r-antichain) family set of w of index q, then 
y is a d-chain (resp. d-antichain) family set of w^^ of index q. 

We shall regard W as the permutation group of Z. Following Lusztig we 
associate a partition A of n with an element w of W as follows. Let dj be the 
maximal one among the cardinalities of all d-chain family sets of w of index i. 
Then di < d2 < • ■ • < dn = n. According to [G, Th. 1.5], di > d2 — di > ds ~ d2 > 

■ ■ ■ > dn — dn-i- We call 

X{w) = (rfi,rf2 - di, ...,dn - dn-l) 

the pcirtition associated with w. According to [S, L3], w ~ u if and only if 

X{w) = X{u). Moreover the number of left cells in a two-sided cell corresponding to 
a partition A of n is = n!/(/xi!/U2! • • • Mr'!)' where {ni, /Ur') is the dual partition 
of A, see [S]. 

The dual partition of A can be defined through antichains of w. Let rf- be the 

maximal one among the cardinalities of all d-antichain family sets of w of index i. 
Then di < 4 <•••<<= n. According to [G, Th. 1.5], d[ > 4 - d[ > 4 - 4 > 

■ ■ ■ > d'^ — d'n-i- The partition 

fi{w) = (d'l, 4 - d[, < - <_i) 
is the partition dual to the partition X{w), see [G, Th. 1.6]. 
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Let c be the two-sided cell of W corresponding to a partition A = (Ai, A^) 
of n. Denote by w\ the longest element of the subgroup of W generated by all 

Sl, SAi-l, + SA1+A2-IJ SAiH hA^_i+l, SAiH hA^-l- 

Then w\ G c and there is a unique k^ft cell in c containing w\, denoted by V\. We 
shall write for the left cell containing cj'wAt^ Set = Ta ii this is a right 
cell contained in c. 

Denote by u\ the longest element of the subgroup of W generated by all 

Sl, SAr-l) SA^ + 1, Sa^ + A^_i-1, SA,, + ...+A2 + l! -^A^H hAi-1- 

Then Ua € c and there is a unique left cell in c containing u\, denoted by Aa- We 
shall write AA,i for the left cell containing co^u\w~^. Set = A^^. Note that the 
intersection of the set H\ in [S, 9.3] and c is contained in the union Ui<i<n ^a r 

Lemma 2.2.1. Assume that w & c. Then through a succession of left star oper- 
ations and of right star operations on w we can get an element in Tx^i (1 $A,j for 
some integers 

Proof. It follows from Prop. 9.3.7, Theorem 1.6.3 (i) and Lemma 18.3.2 in [S]. 

Corollary 2.2.2. Assume that F is a left cell in c and $ is a right cell in c. Then 
rn $ can be obtained by applying a succession of left star operations and of right 
star operations on some T\^i n $A,i- 

Since Tx i = Txlo~^, the map w — > lo^wuj~^ defines a bijection between FAnr^^ 
and rA,in"I>A,j- Thus it is very fundamental to understand the properties of FAnr^^. 

Proposition 2.2.3. Let F be a left cell in c. Then there is a bijection : FaHF^^ — > 
FnF"^ such that t^ — > t^(^^) defines an isomorphism between J^^^^-i and Jrnr-i • 

Proof. Using Corollary 2.2.2 and Lemma 18.3.2 in [S], we can find i such that 
uj^{T n F~^)a;~' is obtained from Fa fl F^^ by applying a succession of left star 
operations and the corresponding right star operations. Using Prop. 1.5.1 we see 
that the assertion is true. 

2.3. The based ring Jc 

In this section we will show that the based ring Jc of a two-sided cell c oi W 
is a matrix algebra over Jrnr-i for any left cell F in c. This is the main result of 
this chapter and is also one of the key steps of our proof of Lusztig Conjecture for 
the structure of Jc- 

Recall that for the two-sided cell c corresponding to a partition A of n, we 
have a unique left cell Fa containing wx. We number the left cells in c as Fa = 
Fi,F2, ...,F„^, where = n!/(/ii! • ■ -/^r'!) and = (/Ui, /U2, Mr') is the dual 
partition of A = (Ai, .... A, ). Let $i — be the right cell corresponding to Fj. 
We would like to define a bijection between Aij = i>j nFj and An = $1 fiFi = 

Fr'nFi. 

There are several cases. First we suppose j = 1. Let / > 1 be such that 
uj'wxco~^ = Wx but uj^wxco~^ ^ wa for 1 < /i < Z - 1. 



16 2. TYPE An-i 

(a) If $i = w'^^i for some < h < I — 1, then obviously iv^w — > w defines a 

bijection from An to An. 

(b) Now let $8 be arbitrary. Using [S, Prop. 9. 3. 7], we can find hi between and 
I — 1 such that $i is obtained from $ = w'^'^i by a sequence of left star operations. 
Such hi and sequence of left star operations are usually not unique. Wc fix such an 
hi and the sequence of left star operations. Then $j nFi is obtained from ^nFi by 
applying the sequence of left star operations. This of course establishes a bijection 
between $i nFi and ^nFi. Using (a) we then get a bijection between $j nFi and 

An =r-inFi. 

(c) Now for any $j we have fixed an w'** and a sequence of left star operations. 
Then Fj can be obtained from Fio;"''* by applying the corresponding sequence of 
right star operations. By this way and using (a) we get a bijection ^ij between Aij 
and All, ci. Lemma 2.2.1. 

The following arc some properties of the bijection : Aij An. 

Lemma2.3.1. (a) Let d,; he the distinguished involution in An. Then(pii{di) = wx. 
(b) Note that Ajj^ = Aj^. For x e Aji we have (pijixr^) = {(j)jt{x))^'^ . 

Proof. Using Prop. 1.4.6 we see that (a) is true, (b) follows from (*x*)~^ = 
*{w~^)* and {ujxuj~^)~^ = u)x~^u)~^ . 

We shall use E{tw,i,j) for any square matrix whose (i, j)-entry is and other 
entries are 0. 

Theorem 2.3.2. Let c be tie two-sided cell ofW corresponding to a partition A 
of n and /x the dual partition of A. 

(a) Tic map t^ — > t(t>ii{w) induces a ring isomorphism from Jp.pip-i to Jr^nr~^- 

(b) Tie based ring Jf piY-i is commutative. 

(c) Tie map 

t^u ^ E(t^^.(^w),i,j), we Aij, 
defines an isomorphism from the based ring Jc to ("^r'^nrA )' '^a' ^ matrix 
algebra over the ring Jp-^f-^-px- 

Proof, (a) follows from Prop. 1.5.1 and its proof. 

(b) Let Fc be the canonical left cell in c, i.e., Fc is a left cell in c and R{w) C 
{so}. By [LX] we know that Jpcnr"^ commutative. Using (a) we see that (b) is 
true. 

(c) Note that for any iv" in fl and a;, y, in c we have 

Let X G Aij,y e Ajk and z e Ai^. Using Theorem 1.4.5 repeatedly we get 

lx,y,z = l4>ij(x),4>jk(y),<l>ik(z)- 

Combining this and 1.3 (a) we see that (c) is true. 
The theorem is proved. 

Remark: For $j if we choose different hi and/or different sequence of left star 
operations then we would usually get a different isomorphism in Theorem 2.3.2 (c). 
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For instance, let n = 3 and c the two-sided cell of W corresponding to the 

partition A = (2,1). We have s\ = si. Let (i = 0,1,2) be the right cell of 
W containing Sj. Then c is the union of $oi^i and ^2- We have $o = 
and $2 = Let * = {si,so} and ★ = {si,S2}. We also have $o = *^i 

and $2 = In this example it is easy to sec that different hi and/or different 
sequences of left star operations usually lead to different isomorphisms in Theorem 
2.3.2 (c). 

Let A be a partition of n and c the two-sided cell of W corresponding to A. Let 
fj. be the dual partition of A and u a unipotent element of GL„(C) whose Jordan 
blocks are given by the partition fi. Denote by F\ a maximal reductive subgroup of 
the centralizer of u in GL„(C). According to Theorem 2.3.2 (c) and Lemma 2.3.1, 
to prove the conjecture of Lusztig for Jc we only need to prove the following special 
case of the conjecture. 

Conjecture 2.3.3. There is a bijection tt : F^^ n F;^ — > IrrFx such that 

(a) The map — * Tr(w) defines a ring isomorphism from ^p-ipp^ to Rfx- 

(b) w{w~^) = w{w)* for any w G F^;"^ nF;^. (Recall that w{w)* is the dual of 7r(w).) 

We will prove this conjecture in Chapter 8. To define the map tt in 2.3.3 (a) we 
need some properties of antichains. In the following section we give some discussions 
to chains and antichains. 

2.4. Chains and antichains 

In Chapetr 5 we will define the map tt in Conjecture 2.3.3 by means of r- 
antichains. In this section we prove some results about chains and antichains which 
will be used later. In this section w stands for an element of W. 

Lemma 2.4.1. If i and j are in a d-chain (resp. a d-antichain) of w, then any 
d-antichain (resp. d-chain) of w contains at most one ofi + an, j + bn for any given 
integers a, b. 

Proof. Suppose that i < j are in a d-chain of w. Then w{i) > w{j). 

Assume that i + an and j + bn are in a d-antichain of w for some integers a, b. 

If 

j + {b — l)n < i + an < j + bn, 

then we have b — a <0 since i < j. Thus 

w{i + an) = w{i) + an > w{j + bn) = w{j) + bn 

since w{i) > w{j). In this case i + an and j + bn can not be in the same d-antichain 
of w. If 

i + an>j + bn>i+{a— l)n, 
then b — a < —1 since i < j. Then we have 

w{j + bn) = w{j) + bn < w{i + an — n) ~ w{i) + (a — l)n 

since w{i) > w{j). In this case i + an and j + bn are also not in the same d-antichain 
of w. 
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Suppose that i < j are in a d-antichain of w, then j — n < i and w{j) — n < 
w{i) < w{j). Assume that i + an and j + bn are in a d-chain of w for some integers 
a, b. If i + an < j + bn, then b — a > since j — n < i. Thus 

w{i + an) = w{i) + an < w{j + 6n) = w{j) + fen 

since w{i) < w{j). In this case i + an and j + bn can not be in the same d-chain of 
w. If i + an > j + bn, then a — b>l since i < j. Then we have 

w{j + bn) = w{j) +bn < w{i + an) = w{i) + an 

since w{i) > w{j) — n. In this case both i + an and j + bn are also not in the same 
d-chain of w. 

The lemma is proved. 

CoroUciry 2.4.2. If w{i) and w{j) are in an r-chain (resp. r-antichain) of w, then 
any d-antichain (resp. d-chain) of •w~^ contains at most one of w{i) + an, w{j) + bn 
for any given integers a, b. 

Proof. Since ■w{i) and w{j) are in a d-chain (resp. d-antichain) of w~^, the 
assertion follows from Lemma 2.4.1. 

Lemma 2.4.3. If ji < 32 < ■ ■ ■ < jk is a d-antichain of w of length k, then 
jk — n < ji < j2 < ■ ■ ■ < jk-i is also a d-antichain of length k. (We shall say that 

ji < 32 < ■ • ■ < jk 

and 

ji - an < jj+i - an < ■ ■ ■ < jk - an < ji - (a - l)n < ■ ■ ■ < - (a - l)n 
are equivalent antichains for any integer a and 1 < i < k.) 

Proof. Since 

w{jk -n) = w{jk) - n> w(jk-i -n) = w(jk-i) - n 

and 

jk-n> jk-i - n, 

we see that the lemma is true. 

Proposition 2.4.4. Let w €W and ji = (n\, /Xr') he the dual partition of X{w). 

Given any 1 < fc < Ai and any consecutive n integers Y = {ai, ai-|-l...,ai + n — 1}, 
we can find a d-antichain family set of w of index k that is included in Y and has 
cardinality /^i H h /Ufe. 

Proof. By definition we have a d-antichain family Z of w of index k that has 
cardinahty /ii + • • • + /ife. Using Lemma 2.4.3 we see that any d-antichain in Z is 
equivalent to a d-antichain of w in Y. Noting that equivalent d-antichains have the 
same congruence classes modulo n, we see that the required d-antichain family set 
exists. The proposition is proved. 

Of course this assertion is false for chain family set. For instance, if w(i) = 

n — i-|-l-|-2(i — l)nfor 1 < i < n, then X(w) = (n) since n < n — 1-l-n < n — 2 + 2n < 
• • • < l-f- (n — l)n is a d-chain of w of length n. But {1, 2, n} is not a d-chain of 
w. 
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Let w G W and X{w) = (Ai,...,Ar). Assume that the dual partition of X{w) 
is /fi(w) = (^1, We call a subset F of Z a complete d-chain (resp. d- 

antichain) set of w if 

(1) Y contains n numbers and any two numbers in Y are noncongruent modulo n, 

(2) F is a disjoint union of r d-chains (resp. r' d-antichains) of w of length Ai, A^ 
(resp. ^i, jjLr') respectively. 

Similarly we define complete r-chain sets and complete r-antichain sets 
of w. 

Definition 2.4.5. Let w & W and /i = (/ii, /i^') the dual partition of \{w). We 
say that {^i, ^fe} is a complete d-antichain family of w if the following four 
conditions are satisfied: 

(1) all Ai are d-antichains of w, 

(2) k = r', 

(3) the cardinality of Ai is for all i, 

(4) the union of all is {1, 2, n}. (Necessarily A^ C\ Aj = $ \i i ^ j .) 

Wc say that {w{Ai), ...,w{Ari)} is a complete r-antichain family of w if 
{j4i, Ar'} is a complete d-antichain family of w. 

2.4.6. Example: Let A = (Ai, Ar) be a partition of n. Then wx has a complete 
d-antichain family. In fact, for given 1 < i < Ai, let 1 < /ij < r be such that i < Xh^ 
but i > Xhi+i (we set A^+i = 0). Then define 

Ai = {i, Ai + i, Ai + A2 + i, Ai H h Ah,_i + i}. 

It is easy to see that Ai, A\-^ form a complete d-antichain family of w\. 

In general, an element in W does not have a complete d-antichain family. 
For example, let n = 6 and (w(l), w{2), ■u;(3), w{A), wi5), wi6)) = (6, 3, 10, 7, 8, 11). 
Then iv E Fx, here A = (2, 2, 1, 1), and w does not have any complete d-antichain 
family. (I am grateful to the referee for providing a similar example.) 



2.5. Star operations for W 

In this section we give a result (see Lemma 2.5.2) about the star operation. 
The following result is a partial generalization of [S, Corollary 4.2.3]. 

Lemma 2.5.1. Let s E S be a simple reflection and w € W. Suppose a < b and 

w{a) > u;(&). Tlien sw{a) > sw(b) if sw > w. 

Proof. Write 

a = ai + a2n and b = bi + b2n, 
where 1 < ai, 61 < n and 02, 62 € Z. Set 

w{i) = Pi+ Tin, where 1 <Pi <n, rj G Z. 

Assume that s = Sk for some 1 < fc < n — 1. Choose 1 < jk,jk+i < n such that 

w{Jk) = k + ^n, w{jk+i) = k + 1 + (n, ^,CeZ. 

If i ^ jk,jk+i, then sw{i) = w{i) and pi k,k + 1. Thus {pi — k){pi — fc — 1) > 0. 
Therefore if 1 < i < j < n and either i or j is not in {jk, jk+i}, then 



w{j) - w{i) 



sw{j) — sw{i) 



n 
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Now sw{jk) = k + l+ ^n and sw{jk+i) = k + C,n. If jk > jk+i, we must have 
^ > C + 1 since sw > w. If jk < jk+i, we have ^ > C for the same reason. 

If neither ai nor bi is contained in {jk,jk+i}, then we have sw{a) = w{a) > 
w{b) = S'w{b). If ai is either jk or j^+i and bi is not in {jk,jk+i}, then sw(a) is 
either equal to 

k + 1 + ^n + a2n = w{a) + 1 

or 

k + (n + a2n = w{a) — 1, 

and 

5^(6) = ^(6) = + ri,^n + 62^. 

When sw{a) — w{a) — 1, we must have C + ci2 > + 62 or ^ + 02 = rti + 62 and 
fc + 1 > since w{a) > w{b). But p^i 7^ + 1, so we have s'w{a) > sw{b). 
Similarly we see sw{a) > sw{b) if oi ^ jk,jk+i and 61 is either jk or jk+i- 
Now suppose {ai, 61} = {jk,jk+i}- If «! = j/c < jk+i = bi, then 
S'w{a) = •w{a) + 1 > w{b) — 1 = sw{b). 
If oi = ife+i < jk = h then 

s'w{a) = k + (n + a2n = w(a) — 1 

and 

sw{b) = k + 1 + + = w{b) + 1. 
we must have ^ > C + 1 since sw > w . Then ^ + 62 > C + '^2 since b > a, but this is 
impossible since w{a) > w{b). Thus we proved the lemma if s = Sk,k = 1, 2, n— 1. 

Assume that s = sq. Choose 1 < ji,jn < such that 

wiji) = l+^n, w{jn) =n + Cn, ^, C e Z. 

If i is not in {ji,jn}, then sw(i) = and pi ^ 1, n. Thus (p, — — n) < 0. 
Therefore if 1 < i < j < n and {i, j} 7^ {ji, Jn}, then 



sw{j) — sw{i) 



n 



Note that siv{ji) = and siv{jn) = n + 1 + (n. If > jn we must have 
^ < C + 1 since sw > w. If ji < jn, we have C ^ C for the same reason. 

If neither ai nor 61 is contained in {ji,jn}, then we have sw{a) = w{a) > 
w{b) = sw{b). If ai is either ji or j„ and b ji,jn, then sw{a) is either 

+ a2n = w{a) — 1 



or 



and 



n + l + (^n + a2n = w{a) + 1, 



sw{b) = w{b) = pbi + Tb^n + b2n. 
We must have ^ + 02 > + &2 if sw{a) = «;(a) — 1 since w(a) > w{b). But 
Pb^ ^ 1, n, so we have sti;(a) > sw{b). Similarly we see sw{a) > sw{b) if ai ^ ji, jn 
and 61 is either ji or 

Now suppose {ai, 61} = {ji,jn}- If oil = jn < ji = bi, then sti;(a) = w{a) + l > 

w{b) — 1 = sw{b). If «! = ji < jn = bi we must have ^ + 02 > C + ^2 since 
w{a) > w{b), but this is impossible since ^ < C for the reason of sw > w and 

0-2 < &2- 
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The lemma is proved. 



Lemma 2.5.2. Let i gZ and * = {si, Sj+i}. We have 

(a) Suppose that w{i) is between w{i + 1) and w{i + 2), then w is in Dii{si, Sj+i). 
Moreover, 

w{a), if a ^ i + l,i + 2(mod n), 

w*{a) = <w{i + 2), ifa = i + l, 
wii + l), ifa = i + 2. 

(b) Suppose that w{i + 2) is between w{i) and w{i + 1), then w is in Dii{si, Sj+i). 
Moreover, 

w{a), if a ^ i,i + l{m.od n), 

w*{a) = <w{i + l), ifa = i, 

u;(i), ifa = i + l. 

Proof, (a) If 'w{i + 1) < w{i) < w{i + 2), using 2.1.3 (f) and Lemma 2.5.1 

repeatedly we see w = usi for some u with usi > u and us^+i > u. If w{i + 1) > 
w{i) > w{i + 2), using 2.1.3 (f) and Lemma 2.5.1 repeatedly we see w = uSiSi+i 
for some u with usi > u and wsj+i > u. Therefore w G £'/{(si, Sj+i). In both 
cases we have w* = wsi+i so that w*{a) = w{a) if a ^ i + l,i + 2(mod n), and 
w*{i + 1) = w{i + 2), w*{i + 2) = w{i + 1). 

The proof of (b) is similar. The lemma is proved. 



CHAPTER 3 



Canonical Left Cells 

In section 2.3 we proved that Jrnr-i is commutative for any left cell F of the 
extended afRne Weyl group W associated with GL„(C), using the fact that it is 
true for canonical left cells. In this chapter wo give some discussion to canonical left 
cells in W. Although we do not really need the results here for our main purpose, 
the discussion here maybe is helpful for understanding other types. In other types 
the based ring Jmr-i is not commutative in general, one may see this from [X3, 
Chapter 11], but it is always commutative when F is a canonical left cell (see [LX]). 
Lusztig conjectured that Jmr-i — Rf^ if F is a canonical left cell in a two-sided 
cell c of an extended affinc Weyl group (sec [L8]). If this is true, maybe Jrnr-i 
is a key to understand Jc- One more reason to consider canonical left cells is that 
the intersection F n F"^ has a good presentation if F is a canonical left cell (see 
[LX]). This fact maybe can be used to prove that the bijection between the set of 
two-sided cells of an extended afSne Weyl group and the set of unipotent classes in 
the corresponding algebraic group (see [L8]) preserves partial orders. 

In section 3.1 we recall some reduced expressions for fundamental weights, 
which can be found in [L2]. In section 3.2 we determine the right cell containing a 
given dominant weight. In section 3.3 we discuss the shortest elements rrix in the 
double cosets WoxWo for all dominant weights x. It is not so easy to describe the 
partition associated with nix- In section 3.4 we describe the distinguished involution 
in a canonical left cell of W. 

3.1. The dominant weights 

Let W be as in Chapter 2, that is, W is the extended afRne Weyl group as- 
sociated with GL„(C). Define Xi = T1T2 • • - t^. Recall that X is the subgroup of 
W generated by all r^. Then the set X+ = {x & X \ l{wox) = l{wo) + l{x)} of 
dominant weights in W consists of the elements Xi^X2^ ■ ■ ■ a;"", ai, 02, dn-i € N 
and Qn € Z. For further investigation we need some reduced expression for 



U)Sn-lSn-2 ' ' ' S2S1 

u'^{Sn-2Sn-3 ' ' ' S2Sl)(Sn-lSn-2 ■ ' ' S2) 

U)^{Sn-iSn-i-l ' ' ' Si){Sn-i+lSn-i ■ ■ ■ S2) ■ • ■ (s„_iS„_2 • • • Sj) 
w""2(.S2.Sl)(.S3S2) • • • (.S,i-lSn-2) 

■n — 1 

^SiS2---Sn-2S„-l 



[L2], 



Xi = 

X2 = 

Xi ~ 

Xn-2 = 

Xji — l — 
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In particular, the length of Xi is (n — Prom the reduced expressions we see 

(a) l{xy) = l{x) + l{y) if x and y are in X+. 

(b) XiSi < Xi ior 1 <i <n — 1 and SjXi = XiSj > Xi if i ^ j. 

(c) l{xiSiSi+i ■ ■ ■ Sn-i) = l{xi) — {n — i) iov 1 < i < n — 1. 

3.2. The right cell containing x G X+ 

In this section we describe the partition associated with a dominant weight x in 
W. This is equivalent to determine the right cell containing x. Let Fc be the unique 
left cell contained in a two-sided cell c of W with RiTc) ^ {so}- For convenience 
we set $c = Tc ^- Obviously we have 

(a) If a; is a dominant weight in W then x is contained in some $c- 

Let A be a partition of n and = (/ii,/i2, ■■■,1-i'r') be the dual partition of A. 
Let c be the two-sided cell corresponding to A. 

Lemma 3.2.1. Keep the notation above. Let vi,...,Vr' be a permutation of 

/Xl 5 /ir' . Set Xiy = Xi/^Xiy^-^i/^ ' ' ' h^^r' * TilGIl iZ^jy G * 

Proof. Set vio = and vu = 1^1 + • ■ • + Vi for i = 1, 2, r' . Define Vi = + 
1, i/i_i_i+2, v-ii} for i = 1,2, r'. For any a G we have Xi,{a) = a+{r' —i+l)n. 
Thus Vi is a d-antichain of a;^. 

If a € Vi, b G Vj and i < j, then x^{a) > a;^(6). Using Lemma 2.4.2 we see that 
a + kn and b + In can not be in the same d-antichain of for any integers k, I. 
Therefore Vi, V2, must form a complete d-antichain family of a;^ (see 2.4.5 
for definition) and the corresponding partition is fj.. So x„ is in $c- 

Lemma 3.2.2. Let / be a subset of AT = {1, 2, ...,n - 1}. Then 

(a) Tie elements Hie/ — Wi^i ^» contained in the same right cell of 
W ifallai > 1. 

(b) The elements xi]\^^jx1'{ > l,fc e Z) are contained in the right cell con- 
taining Xi. 

Proof. We can find a partition n = (/xi, /itr') of n and a permutation ui,...,i'r' 
of fii, iir' such that xjXn — Xi, (sec Lemma 3.2.1 for definition). Let Vi,...,Vr' 
be as in the proof of Lemma 3.2.1. Then we see that V\,...,Vr' form a complete 
d-antichain family for both Hie/ ^'^^ flj > 1- Therefore (a) is true, (b) 

follows from (a) since a;„ is in the center of W. The lemma is proved. 

The two lemmas show that it is easy to determine the right cell containing a 
given dominant weight. 

Examples: 

(1) X1X2 ■ ■ • Xn-i is contained in the lowest two-sided cell of W. 

(2) Xi and x„-i are contained in the same two-sided cell (we set xq = e, the neutral 
element of W). The partition corresponding to the two-sided cell is (2, 2,... ,2,1,. ..,1), 
where 2 appears min{i, n — i} times. 
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3.3. The elements 

It is well known that W is the union of the double cosets Woa;Wo {x e -'^''')- 
For the double cosct WqxWq wc have a unique clement nix of minimal length. The 
elements rn^ {x G X+) are interesting since we have (see [LX]) 

(a) [JFc n = {rux I X S X~^}, where c runs through the set of two-sided cells 
oiW. 

(b) nix 7^ f^y if X, y arc in X+ and x ^ y. 

(c) Let w € W. Then L{'w) = R{w) C {sq} if and only if w = for some x G X+. 

Since Xn = is in the center of W, we have 

(d) rrixx^ = x^rrix = u^^rux if a; G X+ and a is an integer. 

In this section we work out an explicit form for m^- Unfortunately the author is 
unable to describe the left cell containing rUx- Fix a subset I of N = {1, 2, n— 1}. 
Recall xi = Hie/ ~ ™x/- 

Lemma 3.3.1. Let I be a subset of N and x = Hie/ ^T- Then rUx = xxj^mi if 
> 1 for all i. 

Proof. Let y ~ x^^, yj ~ xj^ , and m'j = mj^. Then l{sim'j) = 1 + l{m'j) for 
1 <i <n—l. Obviously we have 

m'lyy^ys^ > m'jyj^y 

for i = 1, 2, n — 1. Thus we only need to show that l{sim'jyj^y) = 1 + l{m'jyj^y) 
for 1 < i < n — 1. Let w G Wq be such that yj = w~^m'j. Recall that R is the root 
system of W. Let ii+ be the set of positive roots in R and R~ = — We have 
(see [IM]) 

l{siwyi)= ^ \{yj,a'') + l\+ Ky^'""")!' 

Siw{a)eR~ Siw(a)eR+ 

to(Q)e-R- w(a)G-R+ 
aeH+ cyen+ 

If s^w > w, we can find a unique fJ G i?^ such tliat Siw[,6) G i?^ and w(/3) G 
Then by the formulas above we have Kj//, + > |(j/7,/3^)| since ^(siUij//) > 
l{wyj). Since {yi,l3'^) < 0, we necessarily have {yijP'^) = 0. This implies that 
{y, (5^) = 0. By the length formulas for l{sim'jyj^y) = l{siwy) and for l{m'jyj^y) = 
l{wy) we see l{sim'jyj^y) = 1 + l{m'jyj^y). 

If Sjiy < w, wc can find a unique /? G i?^ such that Siw{(3) G i?^ and i«(/3) G 
Then by the formulas above we have I (t/7, /3^} + 1| < since ^(siwy/) > 

l{wyi). Since {yi,0^) < 0, we necessarily have {yi,(3^) < 0. This implies that 
{y^li'^) < 0. By the length formulas for l[sim'jyj^y) and for l{m'jyj^y) we see 
l{sim'jyY^y) = 1 + l{m'jyj^y). 

The lemma is proved. 
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By the lemma above, to get an explicit form for we only need to get an 
explicit form for mj. We need some notation. For l<i<j<n — Iwe define 

Sij — SiS-i-^-\ ' ' ' Sj. 

Lemma 3.3.2. Suppose I = {uk > Ofe-i > • • • > ai} is a subset of N. Then we 
have 

m.i = xjx^^WkWk-i ■ ■ ■ W2Uj"-\ 

where Wi = Sai,n-lSa.-l,n-2So.-2,n-3 • • • Sai-i + l,n+a.- 1 -a, fori^ k,k~ 1, 2. 

Proof. It is easy to sec that w = x~^WkWk-i ■ ■ ■ W20J'^'^ is in Wq. Therefore 
z = Xjw is in the double coset WqXiWo. Using the reduced expressions in 3.1 and 
using 3.1 (a) and 3.1 (b), we see l{z) = l{xi) — l{w). Thus L{z) C L{xi) C {sq}- 
We also need show that R{z) C {sq}. We can write down explicitly the action of z 
on {1, 2, n}, which is, 

1 
2 

n- Qk 
n- ak + 1 
n- ak + 2 

n - Ofe_i 

n — Ui + 1 
n — ai + 2 

n - tti-i 

ri — fli + 1 
n — ai + 2 

n 

where ~ k — i + I. In other words, we have z{n — ai + j) 
1 < i < fc, 1 < j < ttj — tti-i (we set oq = and ak+i = n) 
n > i > j > 1. Using Lemma 2.5.1 we see R{z) C {sq}. 
The lemma is proved. 

Examples: 

(1) iriN = xnWq. 

(2) irixi = for all i. Thus m^k = x('~^cj* if fc > 1. 

(3) Let n > g > p > 1. If / {q,q- 1, ...,p+l.p}, then 

Lemma 3.3.3. Let I be a subset of {1, 2, n — 1}. Suppose that x = Hie/ 
and ttj > 2 for all i in I. Then nix ~ xi. 

R 



flfe + 1 
afe + 2 



ak-i + l + n 
ak-i + 2 + n 

ak + n 

ai-i + 2 + 

ai + £,in 

i + Cm 
2 + £,171 



= fli-i + j + iiTi for 
. Thus z{i) > z{j) if 
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Proof. We have = xxj ^mj. Now x ~ xxj ^ ~ x/ since Oj > 2 for all i, we 
necessarily have ~ xj since x < m^; < xx7^. The lemma is proved. 

R R R. 

Let /X be the dual partition of A. By Lemma 3.3.3 we know 771^2 = XhTTIx^ 
is contained in the two-sided cell c corresponding to A. Using Lemma 2.5.2 and 
the table in the proof of Lemma 3.3.2, it is easy to find the sequence of right star 
operations and i for passing Fc to w^r^w"*. 



3.4. The distinguished involutions 

Now we determine the distinguished involution in a canonical left cell. The 
involutions look complicated. 

Lemma 3.4.1. Suppose that rux (x e X+) is a distinguished involution and 



X — Xi X2 ■ ■ ■ X^_2 • 

Then 

(a) ai = Qn-i for all 1 < i <n — 1. 

(b) oi + 2a2 H 1- (n - l)a„_i + na„ = 0. 

Proof, (a) According to the proof of [LX. Theorem 3.5], wc have = 
TTT-wox-'^wo- The required assertion then follows from = rUx, wox~^Wo = 

xl-'xl-' ■ • -x^i^^-i^" and 3.3 (b). 

(b) Since e W , we have x e W . Using the reduced expressions in 3.1 we 
see that (b) is true. Recall that W' is the subgroup of W generated by all simple 
reflections so, si, s„_i, see 2.1.3 (c). 

The lemma is proved. 

Theorem 3.4.2. The following elements are all distinguished involutions contained 
in canonical left cells. 

where 1 < ii < Z2 • • • < ia-i satisfies that ih^i — ih — {ih-i ~ ih-2) > for 
h = 1, ...,a — 2, (we set io = i_i =0,) and n — 2ia-i — {ia-2 — ia-z) > 0. The 
associated partition is 



(a, a, a — 1, a — 1, a — 2, a — 2, a — /i, ...,a — /i, 2, 2, 1, 1), 

where a appears i\ times, a — h appears ih+i — ih — {ih-i — ih-2) times for h = 
1, 2, a — 2, and 1 appears n — 2ia-i — {ia-2 — ia-3) times. 

(b) a;-2p"m^2 2 ...^2 , 



n — tp n — %2 



where 1 < ii < i2 ■ ■ ■ < ip satisfies that ih+i—ih — {ih — ih-i) > for h = 1, ...,p—l, 
(we set if) — i_i = 0, ) and n — 2ip — (ip — ip-i) > 0. The associated partition is 

(a, a, a — 2, a — 2, a — 2ft,, a — 2h, 3, 3, 1, 1), 

where a appears ii times, a — 2h appears ih+i — ih — {ih — ih-i) times for h = 
1, 2, ...,p— 1, and 1 appears n — 2ip — {ip — ip-i) times, where a = 2p+l. 
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where 1 < ii < 12 ■ ■ ■ < ip < ip+i < • ■■ <ir satisfies that ih+i — ih — {ih — ih-i) > 
for h = (we set io = i-i = 0,) and ih+i - ih - (ih-i - ih-2) > for 

p+2<h<r — 1, and n — 2v — {ir-i — ir-2) >0ifr>p + 2, n — 2ip+i > if 
r = p+1. The associated partition is 

{a,...,a,a-2,...,a-2p,...,a-2p,a-2p-l,...,a-2p- 1,...,2,...,2,1,...,1), 

where a appears ii times, a — 2h appears ih+i — ih — {ih — ih-i) times for h = 
1, 2, ...,p, a — 2p — 1 appears ip+2 — ip+i times if r > p + 2, a — 2p — h appears 
ip+h+i - ip+h - {ip+h-i - ip+h-2) times for h = 2,3, ...,a - 2p - 2, 1 appears 
n — 2v — (v-i — ir-2) times ifr>p + 2 and appears n — 2ip+i times ifr=p+l, 
where a = p + r + I. 



Proof, (a) According to the proof of 3.3.2, the action of 



on {1, 2, n} is given by the following table, 



1 — >n — + 1 — (a — l)n 

2 — >n — zi + 2 — (a — l)n 

i\ n — {a — l)n 

ii + 1 ^n — Z2 + 1 — (a — 2)n 

ii +2 — »n — 12 + 2 — (a — 2)n 

12 — > n — ii — (a — 2)n 

ij + 1 — > n — ij+i + 1 — (a — 1 — j)n 

ij +2 — > n — ij+i + 2 — (a — 1 — j)n 

ij+i -^n — ij — (a — 1— j)n 

ia-i + 1 ia-i + 1 

ia-l + 2 ^ + 2 

n - ia-i n- ia-i 

n- i,j + 1 ij_i + 1 + (ffl - j)n 
n — ij +2 ij_i + 2 + {a — j)n 

n — ij-i — > ij + (a — j)n 

n — ii + 1 — >l + (a— l)n 

n-ii+2 ^2 + (a-l)n 

n — > ai + (a — l)n 
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Set io = 0. We define 
' i-i + k 



Vjk = < 



if 1 < i < — 1, 1 < k < ij — ij-i 



-i+k ifj = a, l<k<n — ia-i 

- ha-j +k \i a < j <2a-l, I <k < i2a-j - «2a-i-j- 
Tiien we liave 

MVjk) = ma-j,k + {j - a)n 
for 1 < J < 2a — 1 and all k. 

We now define an order among all the pairs {j, k) for which r]jk are defined. 
We say {j, k) < (j', k') if one of the following three cases happens, (1) j is even and 
/ is odd, (2) both have the same parity and k < k' , (3) both have the 
same parity and j > j' , k = k' . It is easy to check that this defines a total order 
on the set of such pairs (j, fc). Arranging the pairs in the increasing order, then 
we have a corresponding arrangement ^1,^2, ■■■,(,n for all Vjk (i-e- if = Vjk and 
^i' = aj'k', then I < I' if and only if {j, k) < {j', k')). For a fixed j we denote by cj 
the cardinality of the set consisting of all rjjk- Set 



h= Yl 

l<j<2a-3 



)Cj- 



We shall use i->j{w) for w* if u> G Dji{sj, Sj+i) and * = {sj, Sj+i}- We also write 
{i < j) for ■ ■ ■ '0j-iV'j('*^) if tliG latter is defined. Using Lemma 2.5.2 

we see that mi = ■i/'i2+i,n-i(m.) is well defined. Moreover /(toi) = /(m) — (n — «2 — 1) 
and l{tpi2{mi)) = /(mi) + 1. Set mo = m. Suppose for j ~ 1, ...,k — 1 (fc > 2) we 
have defined rrij = 'tpp.^n+j-2{'m,j-i) with l{mj) = Z(mj_i) — (n + 7 — pj — 1) and 
l{ipp.-i{mj)) — l{mj) + l. Then we define mfc = ^pp^^n+k-2i'mk-i), herepk is chosen 
so that ■!/'pfc,ra+fc-2(m,fe_i) is well defined and l{mk) = l{mk-i) — {n + k — pk ~ 1) 
and l{ipp^-i{mk)) = l{mk) + 1. By the conditions ih+i - h - {h - ih-i) > 
and n — 2ia-i — {ia-2 — ia-3) > 0, such pi,p2, ■■■,Pk exist. Continuing this process 
we finally get an element m' whose action on {h + l,h + 2, h + n} is given by 
m'{h + I) = m(^;) + qn, where q= {a — 1 — [|] ) if ^; = Tjjk- Thus we have 



if 6 



m'{h + 1) = ri2a-j,k + U - a)n + (a - 1 
rjjk ■ Therefore we have 



n 



m 



{Vjk)=h + l-{2a~j-l- 



2a -j 



)n, 



where I is defined by = ri2a-j.k- Applying the same sequence of right star 
operations tjjp^^n-i,4'p2,n, ■■■ (in the same order) to m'~^ we get an element m" 
whose action on {h + l,h + 2, h + n} is the same as the action of wj on, here 
/ is a suitable subset oi {h + 1, h + 2, h + n}, and wj is the longest clement of 
the subgroup generated by all Sj {j € I). Moreover, A(u'/) is the partition in (a). 
Using Prop. 1.4.6 we see that (a) is true. 

(b) Using Lemma 3.3.1 and the proof of Lemma 3.3.2 we can write down ex- 
plicitly the action on {1,2, ...,n} of the element in (b). Then as the proof of (a) 
we can see that the element in (b) is a distinguished involution and its associated 
partition is the given one in (b). 



3.4. THE DISTINGUISHED INVOLUTIONS 



29 



The proof for part (c) is similar. 
The theorem is proved. 

ExEimples: 

The following elements arc distinguished involutions, (1) u>~'^mxix„-i {i < §), (2) 
u;-2"m,|,._^, (3) a;-^"m,,.,,,,,_,.,._^ (z < f), (4) 
XTO3,2^2...^2 ^. The associated partitions arc, (1) (2,...,2,1,...,1), where 2 appears i 
times, (2) (3,3,1,...,!), (3) (4,2,. ..,2,1,...,!), where 2 appears i - 2 times, (4) (n). 



CHAPTER 4 



The Group Fx and Its Representation 

For later use we discuss the group Fx and its representations in this chapter. 
In section 4.1 we give an expUcit description for the group Fx. In section 4.2 we 
give some facts about the representations of Fx- For completeness we also supply 
a few proofs although the facts are well known. 



4.1. The group Fx 

Let W be as in Chapter 2, that is, W is the extended afhnc Wcyl group as- 
sociated with GLn(C). For each two-sided cell c of we have a corresponding 
partition A of n. Let /z = {^\, 112, IJ-r') be the dual partition of A. Let u be a 
unipotcnt clement in GLn (C) whose Jordan blocks are determined by the partition 
ji. Choose r' > j\ > j2 > ■ • ■ > jp > 1 such that 

(1) <Hj^<-- - < Hj^, 

(2) for any 1 < i < r' we have fii = fij^ for some k. 
Let 

nk = #{« I 1 < « < and fXi = ^j^}. 

Let Cg{u) be the centralizer of w in G = GL„(C). Then the maximal reductive 
subgroup Fx = Fc of Cg{u) is isomorphic to Gi„i(C) x GL„2(C) x ■ • • x GLn^{C). 
We shall identify Fx with GL„^{C) x GLn^{C) x ■ • • x GL„JC). 



Examples: 

(1) If A = (n), then n = (1, 1). In this case Fx = GL„(C). 

(2) If A = (1, 1), then fj, = (n). In this case Fx ~ C*. 

(3) If A = (2, 1, 1), then = (n - 1, 1). Thus we have Fa c:^ C* x C* if n > 3. 



We define ZJ^^ to be the set {(ri,r2, ...,r„) e Z" | n > r2 > • ■ • > r„}. The 

elements in ZJJ^jjj will be called dominant elements in Z". It is well known that 
the set IrrGL„(C) of isomorphism classes of irreducible rational representations of 
GLn{C) is one to one corresponding to ^2om- 

Thus the set IrrFx of isomorphism classes of irreducible rational representations 
of Fx is one to one corresponding to 

Bom{Fx) = Z2^xZ2^x-..xZ2:^. 

For an clement e = (en, £i„i, £pi, ep„p) in Dom(Fx) we also call Sij the 
(i, j)-component of s. 
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4.2. The representation ring of F\ 

For any algebraic group G we use Rg for its (rational) representation ring. 

Wc arc interested in the representation ring Rp^ . Since F\ is isomorphic to a 
direct product of the general linear groups GL„. (C) {I < i <p),we see that Rpx is 
isomorphic to the tensor product (over Z) of the representation rings Rgl„ (C) (1 < 
i ^ p)- Thus we arc reduced to understand R ~ Rgl„{C)- 

The structure of R is known. For our purpose we list some properties of R. We 
shall identify X (resp. X+) with Z" (resp. Z^^^^^) by identifying n with the element 
in Z" whose ith component is 1 and other components arc 0. For any x G , we 
denote by V{x) an irreducible representation of GL„(C) with highest weight x. 

(a) As a ring R is generated by y(a;i), y(a;„_i), V{xn),V{x~^), see 3.1 for 
definition of Xi. 

(a") As a ring R is generated by V{x:^-^) and y(a;J) for a = 1,2, ...,n. 

(b) i? is a free Z-module. The elements V{x) {x 6 X^) form a Z-basis of R, and 
the elements 

y(a;iry(a;2r---F(a;„_ir'-^F(a;„r", ai, a„_i G N, a„ e Z, 
also form a Z-basis of R. 
(b') The elements 

VixirV{xlr^ ■ ■ - Vix^l-^r-'VixnT-, ai,...,a„_iGN, a„ e Z, 
form a Z-basis of R. 

(c) For 1 < i < n, the dimension of V{xi) is ("). 

(d) Each weight space of V{xi) has dimension one and the weight set of V{xi) 
consists of all Tk^T^^ ' "^ki (1 < fci < ^2 < • • • < fcj < n). 

(e) Let xeX+. Then 

V{x.i) ® V{x) ~ ®rV{TX), 

where r runs through the set of weights of V{xi) such that tx € X+. 

Proo/. Let 5 = rf" ^2""^ • • • t„_i. By (d), xtS S X+ for any weight r of y(a;i). 
Using the tensor product formula in [H, Ex. 24.9] we see that (e) is true. 

(f) Let K he a ring. Assume that K is a free Z-modulc with a basis {tx \ x G -^~''}. 
If for all i we have tx^tx = J2t ^^^^ t runs through the set of weights of V{xi) 
with TX G X+, then we have a ring isomorphism between R and K defined by 
V{x) ^ tx. 

Proof. It follows from (a), (b) and (e). 

(g) Let a; G X+ and a G N. Then 

V{x^) V{x) ~ ®rV{Tx), 

where r runs through the set of weights t°V2^---t^" of V{xi) with 

'''{^'''i+V ' ' ' '^n"'^' G fo'" * = 1; 2, n. (Note that each weight space of V{x1) has 
dimension one and the weight set of V(x'{ ) consists of all t"^ T2 ^ • • • r^" , ai , . . . , a„ G 
N and ai + 02 H \-an = a.) 



32 



4. THE GROUP Fx AND ITS REPRESENTATION 



Proof. It follows from Littlewood-Richardson rule. When a = 2, we also can 
see (g) using [H, Ex. 24.9]. 

Recently Littelmann generalized the rule to arbitrary types, see [Li] . 

(h) Let K he a. ring. Assume that K isa. free Z- module with a basis {tx \ x G X~^}. 

If for all positive integers a we have t^atx = tri;, here r runs through the set of 
weights Ti^^Ta " • • • r^" of V{xl) with t^'tI^^ • • • r^-a; € X+ for i = 1, 2, n, then 
we have a ring isomorphism between R and K defined by V{x) tx- 

Proof. It follows from (a'), (b') and (f). 



CHAPTER 5 



A Bijection Between Ta n ^ And IrrFx 

In this chapter we will establish a bijection between Fx H F^^ and the set of 
dominant weights of F\. This bijection gives rise to a bijection between FAnr^^ and 
IrrFx, that is in fact the bijection tt in Conjecture 2.3.3. Wc nsc sonic r-antichains 
of elements in FAnr^^ to define the bijection. To do this we show that each clement 
in Tx nr^^ has a complete r-antichain family, see 2.4.5 for definition. The contents 
of this chapter is as follows. In section 5.1 we show that each element in Fa n F^^ 
has a complete r-antichain family, see Theorem 5.1.12. In section 5.2 we define the 
map £ from F;^ nF^^ to the set of dominant weights of Fx by means of r-antichains 
of elements in F;^ fi F^^ and give some discussions to the map. The main result of 
this chapter is Theorem 5.2.6, which says that the map e is bijective. In section 
5.3 we prove the main theorem by describing elements of F;^ n F^^. In section 5.4 
we give some simple properties of elements in F^ fl F^^. In section 5.5 we give 
some elements in F^ F^ , most of them correspond to fundamental weights. In 
next 3 chapters we will show that this bijection provides the isomorphism between 
Jp^pp-i and the rational representation ring Rfx- 

5.1. r-antichains of elements in F^ fl F^^ 

Let A be a partition of n. Recall that wc have defined the element wx in §2.2 
and F;^ is the left cell of W containing wx- In this section we show that each element 
in F;^ nr^^ has a complete r-antichain family. This is a rather delicate result since 
it does not hold even for some elements in F;^, see the example in 2.4.6. 

Let A — (Ai, Xr) and /i = (/ii, /i^/) be its dual. Let ni, n-p be as in 4.1. 
The numbers rii, ...,np can be defined in another way. Choose = tq < ri < r2 < 
■ ■ ■ < Tk = r such that 

-^ri + l = -^^+2 = ■ • • = Xn+i > '^rj+i+l = • • • = Xri^2 

for i = 0,1,..., A; — 2. Then k = p and rij = A^^ — X^.^.^ for all i = 1,2, ...,p (we 
understand that Xr^_^_^ = 0). 

Lemma 5.1.1. Let w G F^. Define = Ai + A2 H h Aj for 1 < i < r and eo = 0. 

Then 

(a) w{ei + 1) > w{ei + 2) > • • • > ■u;(e, + A^+i) for i = 0, 1, ...,r - 1. 

(b) Given 0<h<i<r — 1 and I < j < A,+i, we have 

wiei + i) > w{eh + Xh+i - Aj+i 

In particular, we have 

w{ei+j) > w{ei-i +Xi- Aj+i 
33 
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(c) w{ei-i + k + n) > w{ej + k) tor j = i,i + l, ...,r — 1 and 1 < k < Xj+i. 

Proof. Since w £ T\, w = wiw\ for some Wi with l{wiwx) = l{wi) + l{w\). 
Using Lemma 2.5.1 we see that (a) is true. 

(b) Suppose that the assertion is not trne. Tiien 

wici+j) < w{eh + Xh+i - Ai+i 

Thus 

u;(l) > ^(2) > ■•• > u;(Ai), 

w{eh-i + 1) > w{eh-i + 2) > • • • > w{eh-i + Xh), 
w{eh + 1) > w{eh + 2) > • • • > w(eh + Xh+i - Xi+i + j) 
> w{ei+j) > ■ ■ ■ > w{ei + Aj+i), 
provides an r-chain family set of w of index /i + 1. The cardinahty of the set is 
Ch+i + 1 since the lengths of the h + 1 r-chains of w in the r-chain family set are 
Ai, Xh, Xji+i + 1 respectively. This contradicts that X{w) = X. (b) is proved. 

Similarly we prove (c). The lemma is proved. 

5.1.2. Given 1 < j < r and 1 < fc < Aj we set 

ajk = e.j-1 + k 

and 

We have wx{hj) = Aj for all j = 1, 2, r. 

Before going further we give some discussions to complete r-antichian families. 

Let w be in Fx n F^^ and assume that w has a complete d-antichain family 
(see 2.4.5 for definition). By the argument for Prop. 2.4.4, we may decompose the 
set {1, 2, n} into r' d-antichains Ai,A2, Ar' of w whose lengths are ^i, 
respectively. By Lemma 5.1.1 and Lemma 2.4.1, any intersection A^ D Aj contains 
at most one element. Thus we have 

5.1.2 (a) The d-antichain Ai of w containing Uij = ej-i +j {1 < i <r, 1 < i < Aj) 
has length > i. 

The d-antichains Ai,A2,..., Ar' form a complete d-antichain family Z oiw and 
w{Ai), 'w{A2), ...,'w{Ar') form a complete r-antichain family of w, see §2.4.5 for 
definition. 

Let Z he a. complete r-antichain family of w and < jJ-j^ < ■ ■ ■ < be as in 
section 4.1. Then we have = r^. Thus Z contains rii r-antichains of w of length 
Tj. Let Bii, _Bi„. be the r-antichains in Z of length r^. Let 

be elements in Bij, where 1 < bkj < n and Ckj G Z for all 1 < < and 
1 < j < rii. 

Lemma 5.1.3. Let w be in PlF^^ and assume that w has a complete r-antichain 

family. Keep the notation in 5.1.2. For 1 < j < rii, let Cij be the set consisting of 
all bk,j (1 < k < ri). Then Cij contains exactly one element of A^ if 1 < k < ri 
and contains no element of Ak if k> r^. 



5.1. R-ANTICHAINS OF ELEMENTS IN r;^ nr~^ 
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Proof. Using Corollary 2.4.2, any d-chain of contains at most one element 

of Cij. But ur^ is in F^, so A;i is a d-chain of for h = 1, ...,r. Thus Ah H Cij 
contains at most one element for any h,i,j. Note that Cij contains elements, 
m = Xn — Ki+i and h < r = Vp. Therefore Cpj contains exactly one element of 
Ah for all h and 1 < j < Up. This forces that each Cp-ij (1 < ,j < ^^p-i) contains 
exactly one element of A^, if 1 < /i < rp_i and contains no element ii h > rp-i. 
Inductively we see that Cij contains exactly one element of Afe if 1 < A; < and 
contains no element of Ak if fc > rj. The lemma is proved. 

Lemma 5.1.4. Let w be in flF^^ and assume that w has a complete r-antichain 
family. Keep the notation in 5.1.2. Given 1 < i < p and 1 < i < rij, if b^j is in 

Ak, then 

(a) bri-h,j is in Ak-h for all 1 < h < k, and b^-k-h,] is in Ar--h HQ <h < Vi — k. 

(b) ^ri,j — * * * — ^r^— fc-t-i,j? and Cj-^—k,j — ■ * * — — ^^i^j 

Proof, (a) Let bq be the unique number in Cij fl A, for 1 < g < rj. Then 

bk = br^j. Wc claim that bh = br--h'.j for some 0</i'<A:ifl</i<fc. 
Otherwise, we have bh = bn-h'j for some 1 < h < k and h' > k. Then we can find 
some k < q <ri, 1 < q' < k — 1 such that bq = bn-q'j. Since 

^ri-q',j =bq > b^j = 6fe > b^-h' ,i = bh 

and 

we see that 
Thus 

This is impossible since Bij is an r-antichain of w. So bh = b^-h'j for some 
< /i' < if 1 < /i < fc. 

For 1 < g' < g'' < fc, we then have < h,h' < k — 1 such that bq = bn-hj 
and bq' = bn-h'j- We claim that h > h'. Otherwise, we have h < h' . Then 
Cn-hj > Cri-h',j since bq < bq' and bq+Cr^-hjn > bq' +Cri-h' jn. Thus bk+Cr^jn > 
bq' + Cn-h'jn + n. This is impossible since Bij is an r-antichain of w. So we have 
h > h'. Thus we have bq = bn-k+qj if 1 < g < fc. Similarly we see bq = bq-kj if 
k < q < Vi. 

(b) The assertion follows from the fact that Bij is an r-antichain and (a). 
The lemma is proved. 

Now we are going to show that each element in Fa n F^^ has a complete r- 
antichain family. The way is long. 

Definition 5.1.5. We say that w € W is positive if u'(m) is positive for any 
positive integer m. 

Lemma 5.1.6. Let w G F^ n F^^ be positive. If w{l) + h w{n) = 1 + ■ ■ ■ + n, 

then w = w\. 
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Proof. By Lemma 2.5.1 we only need to show that w{Kj) = Aj for all j = 
1, ...,r. If the result is not true, we can find I < j < r such that tu{Ai) = for 
i = l,2,...,j — 1 and w{Aj) ^ Aj. Then there exists a in Aj such that w{a) = b is 
in Afe for some r > k > j. 

Note that is also positive since 1 < w(m) < n whenever 1 < m < n. By 
Lemma 5.1.1 we have 

w~^{b) = a> ■u;"^(afe_i,Afc_i) > • • • > w"-^(ai,Ai) > 0- 

Since a is in A^ , by our assumption on w, all the k elements in the above sequences 
are contained in the union of Ai, .... Aj. Now k > j, we can find some 1 < i < j 
such that Aj contains at least two elements in the above sequence. This contradicts 
Corollary 2.4.2 since the above sequence is an r-antichain of and Aj is a d-chain 
of w. 

Therefore w{Aj) = Aj for all j = 1, 2, r. The lemma is proved. 

Lemma 5.1.7. Let w £ nF^"'^ be positive. Let ajj G A^ be such that w{aij) > n 
and w{a) < n if Uij < a < n. Then w{a) — 'Wx{a) if < a < n. 

Proof. Assume a^- < a < n and a € A/.. We first show that w{a) is in A^. We 
use descend induction on k. 

When A; = r, by Lemma 5.1.1 and assumption on a we get 

n > w{a) > w{ar-i,\^_i) > ■ ■ ■ > w{ai^x^) > 0. 

Using Corollary 2.4.2 we can see that w{a) is in A^ and 'w{ak,Xk) is in A^ for 
A; = l,2,...,r- 1. 

Now suppose that w{b) is in A; if 6 e A; for some k < I < r. Using Lemma 
5.1.1 we get 

n > w{a) > w{ak-i,\k_i) > ■ ■ ■ > w{ai^xj > 0. 
Since w{Ai) = A; whenever k < I < r, using Corollary 2.4.2 we see that w{a) is 
necessarily in A^. 

Now we show 'w{a) = 'W\{a) if aij < a < n. If a £ A; for some i < I < r, we 
must have w{a) = w\{a) since w{Ai) = Ai and w &Tx. 

Assume a^- < a <n and a e Aj. We only need to show that the two sets 

A = {w{a) I Uij <a < 

and 

B = {wx{a) I Uij <a < ai+i,i} 
are equal. If this is not true, then we can find a^- < a,b < a^+i^i such that 
w{a) ^ B and wxib) ^ A. Since u){Ai) = A; if Z > i, we have w{a') = wx{b) + cn 
for some 1 < a' < Uij and integer c. Since w is positive, c is non-negative. We have 
w{a) > wx{b) since both w{a) and wx{b) are in Aj and each number in Af^ — S is 
greater than any number in B. But 

'w~^{w{a)) = a> aij > a' — cn = w~^{'Wx{b)). 
This contradicts that e F^. 
The lemma is proved. 

Let w G Fa n F^"'^ and 1 < a < n. Assume that w{a) > n and w{b) < n for all 
a < b < n. By Lemma 5.1.1 we see that a is A^^ for some rj, see the beginning of 
this section for the definition of rj. 
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Lemma 5.1.8. Let w gTx be positive and G A^... We can find S for 
k = 1,2, r j — 1 such that 

W{arij) > W{^ri-i) > ■ ■ ■> > W{^i) > w{arij) - 71. 



Proof. Since w T\ and A,.. > Ar^+i, we can find a d-antichain family set A 
of w of index A^^ with cardinality /Ui + • • • + iJ,\^_ . By Prop. 2.4.4 we may assume 
that A is included in {l,2,...,n}. Let Di, ...,D\^ be the d-antichains of w in A. 
Since A^ is a d-chain of w for any k, using Lemma 2.4.1 we see that A contains 
at most Xn elements of A^ for any k. Since A has cardinality /xi + • • • + nx^. , A 
contains exactly A^^ elements of A^ if 1 < fc < and contains all elements in Afe if 
Ti < k < r. Thus each d-antichain Dh (1 < < A^J contains exactly one element 
of A/c if 1 < A; < and we can find a d-antichain £*;(!</< A^J that contains 
flrij- For 1 < A; < ri — 1, let ^fc be the unique element in £); n Afe. Then the chosen 
^fe's satisfy our requirement. The lemma is proved. 

5.1.9. Let w e Fa HF^^ be positive and € Ar^. Assume that w{arij) > n and 
w{b) < n for all a^j < b < n. We want to define a positive element u in fl F^^ 

with + h u{n) = w{l) + h u'(n) — n. 

Set w(ofc,Afc+i) = —00 for all k. Choose 1 < ji < Ai such that 'w{a-ij^) > 
w{ar-j) — n but w(ai j^+i) < w{arij) — n if ji + 1 < Ai. Then choose 2 < jk < Afe 
for = 1, 2, Ti — 1 such that 

w{ak,j,) > w{ak-i,j,_J > w{akj^+i) 

for k = 2,3, ...,ri — 1. According to Lemma 5.1.8, Ukj^. (1 < < — 1) exists. 
Finally let = j- For simplicity we set 

(i-k = akjk for fc = 1, ...,ri. 



Lemma 5.1.10. Keep the notation above. Then w{ar^) > w{ar^-i). 

Proof. According to Lemma 5.1.8 we can find £,k (1 < < rj — 1) in A^ such 
that w{ari) > w{£^ri-i) > ■ ■ ■ > w(^i) > w{ari)—n. By the definition of afe we have 
'w{^k) > w{ak) for A; = 1,2, ...,rj — 1. Therefore w(ari) > w(ari-i)- The lemma is 
proved. 

Keep the notation in 5.1.9. Now we define u by 

w{ar^) — n if a = ai, 
u{a) = < wiflk-i) if a = afe, 2 < k < rt, 

w{a) if a ^ afe(mod n), for all 1 < fc < r^. 

Clearly u is positive and u(l) + ■ • ■ + u{n) = w{l) + ■ • • + w{n) — n. 

Lemma 5.1.11. Let u be as above. Then u is in n F^^. 

Proof We shall prove (1) l{u) = l{uwx) + l{wx), (2) l{u-'^) = l{u-'^wx) + l{wx), 
(3) A(u) = A. 

Write 

w(afe) = bk + CkU, I <bk<n, Ck € Z. 
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Then bh S Aq^ for some 1 < ft < r,, since by Lemma 5.1.7, w{Aq) = Kg if 

Ti < q < r. We also have c^. > 1 since w{ar^) > n. 

By Lemma 5.1.10 and the definition of w{ak), we see that u'(ai), w{ari) form 
an r-antichain of w. Note that w & T\ nF^^. By Lemma 5.1.7, w{Kq) = 'w\{Kq) = 
h.q whenever q > Vi. Using Corollary 2.4.2 we sec that each Ag (1 < g < rj) contains 
exactly one &fe (1 < fc < r^). As in the proof of Lemma 5.1.4 we get 

(*) If is in Afe, then (a) br^-h is in Afe_ft, for all 1 < /i < fc, and b^-k-h is in 
Ar^-h ifO < h <ri — k; (h) = ■ ■ ■ = Cn-k+i, and Cn-k = ■ ■ ■ = Ci = Cn — 1- 

(1) By the definition of u and using Lemma 2.5.1, to check l{u) = l{uwx)+l{'Wx), 
we only need to verify that w{ari-i) > 'w{arij+i). If b^ is not in Ai, then 0^-1 = 
Cn > 1. In this case we have 

w{ar,-i) > w{ar,j+i) = Wx{ari,j+l). 

If bn is in Ai, then b^^i is in A^. and 0^-1 = ~ 1. Since 

'w~^ e Fa and w{arij+i) = WA(«rj,j+i) is in A^.^ (cf. Lemma 5.1.7), we have 
bn-i > w{arij+i). Therefore 

w{ari-i) = bn-i + — l)n > w{arij+i), 

We have proved that l{u) = l{uu)\) + l{uj\). 

(2) Now we show that l{u^^tv\) = l{u^^) — l{w\). We have 

{«! — (cn — i)n a b — br-, 
cik+i — CkU a b = bk, i < k < ri — 1, 
w^^{b) if 6 ^ 6fc(mod n), for all 1 < fc < r^. 

Let 6 > 6' be in the same A, for some q. We need to show that u~^{b) < u~^{b'). 
Note that w~^{b) < w~^{b') since € F^. When both 6,6' are different from 
any bk, we have 

u-\b) = w-\b) < w-\b') = u-\b'). 

If 6 > 6' = 6fc for some k, then b^bh for any 1 < h < ri since 6, 6' are in the same 
Aq. Then we have 

u-\b') = u-\bk) > w-\bk) > w-\b) = u-\b). 

Now suppose that bk = b > b' . Then 6' 7^ bh for any 1 < /i < r j since 6, 6' are 
in the same A^. Since € T\ we have 

w~^{bk) = Uk — CkU < w~^{b') = a — cn, 

where 1 < a <n and c e Z. Thus Cfe > c. 

Assume that Cfe > c. When 1 < fc < — 1, we have 

u~^{bk) = (Xfe+i — CfcTi < a — cn = w~^(6') = ^""^(6') 

Now suppose that k = ri. We have 

u~^{bk) = u~^{br-) — ai — — l)n. 

We claim that ai < a. Assume that a S A;. If ^ > 1 we of course have ai < a. 
Now suppose that 1 = 1. To see that ai < a in this case it suffices to show that 
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w{a) < w{ai) since a, oi are in Ai and w G Tx. If = bk is in A^.;, by (*) we 
have ci = c,.. . In this case wc have w{a) ~ b' + cn < w{ai) = bi + cin since 
c < c/c = = Ci. If br^ G Aft, for some 1 < /i < — 1, then bi G ^h+i, so 
bi > bn > b'. In this case we also have w{a) = b' + cn < iu{ai) = bi + cin since 
c < Cn — 1 = Ck — 1 — ci. We have seen that ai < a when k = ri. Noting that 
Cfc — 1 > c, therefore if /c = we also have 

u~^{bk) = ai — (cfc — l)n < a — cn = u^^{b'). 

Assume that = c. Then < a. Suppose a € A(. Since b = bk,b' are in the 
same A,, by (*), we have 

w{ak-i) = bk-i + Ck-in < w{a) = b' + cn< w{ak) =bk + CkU. 

By the definition of a^, we see that a is not in Afe. Thus 1 <k <l. When l> k + 1, 
we have a > at+i, so in this case 

u^^ibk) = dfe+i — Cfen < a — cn = w~^(6') = u~^{b'). 
If / = A: + 1, since 

w{ak+i) = bk+i + Ck+in > w{ak) = fofe + CkU > b' + cn = w{a) 
and w GTx, we have a > at+i- In this case we also have 

u~^{bk) = ak+i — CkU < a - cn = w~^{b') = u~^{b'). 

Wc have showed that l{u~^w\) = l{u~^) — l{w\). 

(3) Now we prove \{u) = A. By (1) we see X{u) > A. If we can show \{u) < A, 
then we are forced to have X{u) = A. 

Let {Ai, A2, Aj} be an r-chain family of u (see §2.2 for definition). If we 
can construct an r-chain family {Bi, B2, Bj} oi w such that the cardinalities of 
Ai L) ■ ■ ■ U Aj and Bi U ■ ■ ■ L) Bj are the same, then we are done since it implies 
X{u) < \{w) = A. Note that u{ai), ...,u{am) form an r-antichain of u. According 
to Corollary 2.4.2, we have 

(★1) each Ak contains at most one element of the set H = {w{am) + In \ 1 < m < 
ri, I &Z} = {u{am) + In \ 1 < m < ri, I G Z}. 

Since Ai,...,Aj form an r-chain family of u, we have 

(★2) for any 1 < m < r^, at most one element of the set Hm = {w{am) + ln \ I G Z} 
is contained in the union Ai U ■ ■ ■ U Aj . 

Assume that Ak contains some element of ff if 1 < /e < /i and Ak does not 
contain any element of iJ if /i + 1 < fc < j. Then ...,Aj are also r-chains of 

w. Set Bk = Ak ii h + 1 < k < j. 

Now we consider the r-chains Ai, Ah of u. Assume that w(amk) + Ikn- (1 £ 
k < h) is contained in Ak- It is no harm to assume Ik — for k = l,...,h. 
Otherwise we may replace Ak by {u{a) — IkU \ u{a) £ Ak}. We may further assume 
nih > nih-i > ■ ■ > mi. 

Let 

u{bki) > ■ ■ > u{bkq,^) > u{amk) > u{bk,q^+i) > ■ ■■ 
be the elements in Ak- We have two cases. 

Case 1. For any 1 < k < h, ii bkq^. exists, (that is, u{amk) is not the greatest 
number in Ak,) then bkq^. is in Ato^- 
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Case 2. We can find some 1 < k < h such that thq^ exists and bkq^ is not in A^^. 
Set a^+i = ai +n. 

Assume that we arc in case 1. By (*1), (*2), the definition of and Lemma 
5.1.10, we see u{hkq^) > u{amk+i) > u{amk) if u{bkq^) exists. Let Bk {I < k < h) 
be the set consisting of the elements 

Uiphi) > ■ ■ ■> U{bkqi,) > U{amt: + l) > u{bk,qi,+2) > ■ ■ ■ 

Note that is a d-chain of u. By the definition of u we see that Bi, Bh are 
r-chains of w. Clearly Bi, ...,Bj form an r-chain family of w and the cardinalities 
oi Ai U ■ ■ ■ U Aj and Bi U ■ ■ ■ U Bj are the same. 

Now assume that we are in case 2. Let k {1 < k < h) he the maximal such 
that either bkq^ does not exist or bkq^ exists and is not in Am^- We claim that Ak 
is an r-chain of w. When ruk > 1, this is clear since Am^-i is a d-chain of w. When 
TOfc = 1, we necessarily have k = 1 since mi < • • • < rrih-i < nih- Noting that 
u{ai) is positive and ^(6) = w{b) = w\{b) if arj < b < n (cf. Lemma 5.1.7), we 
see biq^ < a^j — n since biq^ is not in Ai when b\q^ exists. Therefore A^ is also an 
r-chain of w when k = 1. 

If A; > 1, we would like to construct two r-chains A'f._-^,A'j^ oiw from Ak-\,Ak 
such that A'^_i U A'^. and U A}, have the same cardinality. 

If &fe-i,qfc_i docs not exist or bk-i,qk_-^ is not in when it exists, we set 

= Ak-i and a; = Ak. 

Now assmnc that bk-i^q^_-^ exists and is in A„ij,_j. 

If uik-i < rrik - 1, we set A'f._^ = (Ak-i - {u{amk_J}) U {u(a„i^,_i+i)} and 
A',=Au. 

Suppose that ruk-i = rUk — 1 and bk-i^qk_^ is in Kjn,,_^. If bkq^. exists and is in 
Amfc_i, we choose 1 < Pk < qt and 1 < Pk-i < Qk-i such that both bk^l,p^_-^ and 
bkp^: are in Am^-i = Am^-i but neither bk-i,p^_^-i nor bk^p^-i is in A,„^._i. We 
can move all elements in the intersection of u{Ami,-i) — w(Am^ J and Ak-i U Ak 
to Ak and form two sets A'^,A'^_i as follows. If u{bkpk) > u{bk-i,pk_i), we set 

A'k = AkU {u(6fe-i,p^_ J, u(6fe-i,,^_ J}, 

Ak_i =Ak-l - {M(6fe-l,p^,_J,...,«(&fc-l,gfe_l)}• 
If u{bkp^) < u{bk-i,pi,_i), let A'l^ be the set consisting of 

U(&fc_l,l), U{bk-1,2), 
u{bkp^), U{bkqj, U{amk), u{bk,qk+2), 

and let be the set consisting of 

u{bki), M(6fe,p^_i), ?i(a,„,_J, ii(6fe-i,,,_i+2), .... 

Suppose that rrik-i = ruk — 1 and bk-i,qk_i is in Am^,_l ■ If bkq^ does not exist or 
bkg^ exists but bkq^ is not in A^^ ^, we choose 1 < pk-i < Qk-i such that bk-i,pk_i 
is in A^uk-i = Atoj._i but fofe-i,pj._i-i is not in Am^_j. We can move all elements 
in the intersection of u{Ajnk-i) — u{Ajnk-i) and Ak-i to Ak and form two sets 
A'^.,A'^_-i as follows. If 6^9^ does not exist or bkq,, exists and u{bkqk) > u{bk-i,pi,-i), 
we set 

A'k^ AkU {u{bk-i,p^_J,...,u{bk-i,qk_J}, 
A'k_i =Ak-i - {u(6fc-i,p,_J,...,«(6fc_i,g^_J}. 
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If bkqk exists and uihkq^.) < u{bk-i,pi,-i), let A'/, be the set consisting of 

U(6fe-l,l), U(6fe_i,2), 'U(6fe-l,gfe_i), w(o„J, u{bk,qk+2), 

and let A'^_-^ be the set consisting of 

U{bkl), W(6fegj, W(0„,_J, M(6fe_i,g^_j+2), .... 

It is easy to see that in any case A'^ j^ and A'f, arc r-chains of w. Moreover 
A'i._-^ U A'l^ and ^/c-i U A^ have the same cardinality, li k — 1 > 1, for the pair 
A'^_i, Ak-2, we apply the same process, then we get two r-chains j4^'_^, A^_2 of w 
such that A'^' j^ U A'j^_2 and U Afc_2 have the same cardinality. Continuing 

this procedure, we get k r-chains A'f., A'2, A[ of w. From the construction 

we see that each of the r-chains A';., A'l_-^, A'2, A'^ of w contains some u{am) with 
1 < m < TTife. 

When /i = A; > 1, we set = A'^, = A'^'.^, B2 = A'^, Bi = A'^. 
When h = k = 1, we set Bi = Ai. 

Now assume 1 <k <h. Recall that we are in case 2 and Ak is also an r-chain 
of w. When fc > 1, we have constructed k r-chains A'j,, A'i^_-^^, A'2, A'^ of w. If 
k = 1 we set A'^ = Ai. By our assumption on k, for any k + 1 < I < h, biq^ exists 
and biq, is in A;. If ruh < ri or u{ai) is not in A'^, then let (A; -|- 1 < Z < h) be 
the set consisting of the elements 

U{bll) > ■ ■ ■ > U{blqi) > U{ami+l) > u{bl^q,+2) > ■ ■ ■ 

And wc set Bk = K,Bk-i = A'l_^,..., B2 = A'^ Bi = A'^. 

Assume that mh. = and u{ai) is in A'^. We construct two r-chains A'{,A'f^ of 
w as follows. 

Note that bhq^ exists and is in A^^ = A^.^ . Let 

U{ci) > ■ ■ ■ > u{Cq) > U{ai) > u{Cq+2) > ■ ■ 

he the elements in A'^, and 

u{di) > • • • > u{dq') > u{ari) > u{dq'+2) > • ■ 

he the elements in Af^ . We have dq' = bhq^ ■ 

Note that u{ai) is positive. We have Cq < a^j — n if u{cq) exists, since A'^ is an 
r-chain of w and u{b) = w(b) ~ w\{b) if a^.j <b < n (cf. Lemma 5.1.7). If Cq exists 
and Cq + n is in A^^ , we choose 1 < p < q and 1 < p' < 9' such that both Cp + n and 
dp' are in A^. = A^^ but neither Cp_i +n nor dp>^i is in A^^. If u{cp + n) > u{dpi), 
we set 

A'l = a; U {u{dp, - n), u{dq. - n)], 

A'h = Ah - {u{dp-), u{dq')}. 

If u{cp + n) < u{dpi), let A'( be the set consisting of 

u{di-n), u{d2-n), u{dq'-n), u{cp), u{cq), u{ai), u{cq+2), 

and let A'f^ he the set consisting of 

u(ci-l-n), u{cp-i+n), u{amj, u{dg'+2), .... 

If Cq does not exist or Cq exists but Cq + n is not in A^^ , we choose 1 < p' < q' 
such that dp' is in A^. = A^^ but dp'-i is not in A^.. If Cq does not exists or c, 
exists and u{cq + n) > u{dpi), we set 

A'( = A'^ U {u{dp> -n), u{dq> -n)}. 



42 



5. A BIJECTION BETWEEN Fx nr~^ AND IRRF^ 



^'h = - {u{dp'), U{dg')}. 

If Cq exists and u{cq +n) < u{dp'), let A" be the set consisting of 
u(rfi-n), u{d2-n), u{dq>-n), u{a{), u{cq+2), 
and let A'f^ be the set consisting of 

u(ci+n), u{cq + n), u{amh), u{dq'+2), .... 

It is easy to sec that in any case A'l and A'^ arc r-chains of w. Moreover ^'/UA^j 
and A[UAh have the same cardinality. If /c < /i — 1, for the pair A'f^, A^-i, we apply 
the same process as that for Ak, Ak-i (in the case k > 1), then we get two r-chains 
A'i[,A'f^_i of w such that A'i[ U A'f^_-^ and Af^ U j4;i_i have the same cardinality. 
Continuing this procedure, we get h — k r-chains A'^, A'^_-^, A'^_^2j ^'k+i ^f w. 
From the construction we see that each of the h — k r-chains of w contains some 
u(a„) with mk < m. < r,;. We set Bh = A'^, ■..,Bk+2 = A'l_^_2,Bk+i = A'^+i, and 
Bk = ^fe, -B/c-i = B2 = A2, Bi = A'{. 

Prom the construction it is clear that in any case Bi,...,Bj form an r-chain 
family of w and the cardinalities of AiU ■ ■ - L) Aj and BiU ■ ■ - L) Bj are the same. 

The lemma is proved. 

Now we are in the position to state the main result of this section. 
Theorem 5.1.12. Eaci element ofTx HF^^ has a complete r-antichain family. 

Proof. Let w be an element in F^ n F^^. We need show that w has a complete 
r-antichain family. We show the result first in the case when w is positive (see 5.1.5 
for definition), and then in general. 

Suppose that w is positive. We use induction on the sum E{w) = w{l) + • • • + 

w{n). When E{w) = l-\ hn, by Lemma 5.1.6, w = w\. According to 2.4.6, the 

result is true 

Now suppose that E{w) > 1 + ■ ■ ■ + n and the result is true if w G F^ n F^^ 
is positive and E{u) < E{w). We can find Vi and j such that «;(oro) > ^^id 
w{a) < n whenever a^.j < a < n. Let u be as in Lemma 5.1.11. Then u G F^ HF^ 
is positive and E(u) = E(w)—n < E(w). By induction hypothesis, u has a complete 
r-antichain family. 

Keep the notation in 5.1.9. Let Z be a complete r-antichain family of u. We 
may require that the r-antichain in Z containing u{ari) has length for the reason 
explained below. If w(arj > n, then the r-antichain in Z containing ■u(ar.) has 
length Ti, since u{Aq) = u'(Aq) = when ri < q < r. If < n, by Lemma 

5.1.7, we have u{a) = w\{a) if a^.^ < a < n. Since w{ar^) > n, by Lemma 5.1.1, we 
see Xn —j > Ki+i- Thus at least one r-antichain AinZ that contains u{a) for some 
o-Ti l£ o, ^ o-ri,\r.. and has length r^. Let B be the r-antichain in Z containing u{ar-). 
According to Lemma 5.1.4, {A — {u{a)}) U {u(ari)} and {B — {u(arj}) U {u{a)} 
are r-antichains of u. Thus it is harmless to assume that the r-antichain B in Z 
containing u{ar^) has length r^. 

Assume that C/c G A^ (1 < < rj — 1) and u(^/c) is in B for all k. Note 
that u(ari), ...,u{a{) form an r-antichain of u and u{h.q) = Aq if ri < q < r. Let 
Bk be the r-antichain in Z containing u{ak). According to Lemma 5.1.4 and the 
assertion (*) in the proof of Lemma 5.1.1, the following sets are also r-antichains: 
B' = {u{ar,), ...,u{ai)}, B'^ = {Bk - {u{ak))) U {u{^k)} (1 < ^ < - 1). Replacing 
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B,Bk (1 < k < Vi — 1) in Z by B',B'f. [1 < k < ri — 1), respectively, we get a 
complete r-antichain family Y of ti such that the r-antichain B' = {u(a,.J, u{ai)} 
of u is in y. Replacing in Y by the r-antichain {w{arj, w{ai)} of ii;, we then 
get a complete r-antichain family of w. 

Wc have showed the result for positive elements in Tx n T'^^ . For any clement 
w in Fa n F^^, we can find a positive integer a such that lo°''^w £ Fx (1 F^^ is 
positive. Noting that any d-antichain of ui"'"'w is also a d-antichain of w, thus w 
has a complete r-antichain family since uj'^^w has one. 

The theorem is proved. 

In next section we use this result to establish a bijection between Fa flF^^ and 
Dom(i^A). 

5.2. A map from Fa n F^^ to Dom(JA) 

In this section we establish the bijection between F^ n F^^ and Dom(i^A) by 

means of complete r-antichain family. 

5.2.1. Let w be in F^ n F^^. By Theorem 5.1.12, w has a complete r-antichain 
family Z. In 5.1.2 we have seen that Z contains ni{= — Ar^^J r-antichains of w 
of length Tj. Let Bn, Bi^ be the r-antichains in Z of length r^. Let 

6ri,j + Cnjn > bri-i,j + Cn-ijn > ■ • • > bij + Cijn 

be elements in Bij, where 1 < bk.j < n and Ckj G Z for all 1 < fc < and 
1 ^ J ^ '^j- It is no harm to assume that 

b-n,! + Cri,in > &ri,2 + Cri,2"- > • • • > bn^m + Cn^mn. 

Define Sij{Z) — s{Bij) = J2i<k<r ^kj- From Lemma 5.1.4 and our assump- 
tion on the arrangement Bn, Bi2,...,Bin-, we see eij{Z) = e{Bij) > Sij^i{Z) = 
£(Bjj_l_i) if J + 1 < rti. Thus we have defined an element 

e{Z) = (£ii(^), {Z), epi{Z), e^n, (Z)) e Dom(FA). 

Wc will show that e{Z) is independent of the choice of the complete r-antichain 
family Z. To do this, we construct a particular complete r-antichain family of w in 
next subsection. 

5.2.2. Assume that A = {xii,xi2, ...,xiXi,X2i,X22, ■■■,X2\2, ■■■,Xri, ■■■,XrXr) is in 
Z". We call that A is A-admissible if 

(1) any two components of A arc different, 

(2) Xii > Xi2 > ■ ■ ■ > XiXi for i = 1, r, 

(3) given 1 < /i < i < r, 1 < j < Aj, we have Xij > Xh,x^-Xi+j, in particular, we 
have Xij > Xi-i^Xi-i-Xi+j- 

Let A = {xu, ...,xiXi, ■■■,Xri, ■■■,Xr\^) be a A-admissible element of Z". We 

define Sk.ij inductively for all 1 < A; < r^. 1 < i < p, and < j < n^, (see the 
beginning of section 5.1 for the definition of rj, p, rii). First we define ek,ifi = oo 
for all k, i. Let x be the unique greatest number among all components of A. Then 
X = Xn.j for some 1 < i < p and 1 < J < A^.^. Let e^.i,! = x^j- Assume that 
we have defined ek,i,i for some k < Ti. We then define £fe-i,j,i to be the maximal 
number in {xk-i,q \ Xk-i,g < ek,i,i, 1 < 9 < Xk-i}- 
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Suppose that we have defined si^h,q for all h in {1,2, and 1 < I < r^, 

< q < bh- Here bh arc some nonncgative integers, (note that we have defined 
Sl,hfi = oo for all l,h). Let B G Z" be obtained from A by removing all the 
components si^h.q (1 < 9 < bh) for some n'. Let gp' = Xp>q> be the greatest number 
among all components of B. Then it is easy to see p' = rh' for some h' . Suppose 
that we have defined gk for k < p' = rw ■ Then we define gk-i to be the maximal 
number in 

{xk-i,qi is a component of B \ Xk-i,q' < gk, 1 < < Afe_i}. 

Then we define efe,/i',6^/+i = fffe for any 1 < k < rh' ■ Continuing this way we define 
all Ek,i,j for 1 < A; < rj, 1 <i <p and 1 < i < n^. 

Example: Let A = (4,3,2,2). Then n = 1, r2 = 2, ra = 4. And A 
11. 7, 4, 3; 12, 6, 5; 10, 8; 14, 9) is A-admissible. We have 

£4,3,1 = 14, £3,3,1 = 10, £2,3,1 = 6, £1,3,1 = 4; 

£4,3,2 = 9, £3,3,2 = 8, £2,3,2 = 5, £1,3,2 = 3; 
£2,2,1 = 12, £1,2,1 = 11; £1,1,1 = 

Let w e n r^^. Set Xij = w(et_i + j) for any 1 < i < r and 1 < i < Aj. 
According to Lemma 5.1.1 we sec that A = (xn, xi\-^, Xri, Xr\^) G Z" is 
A-admissible. Thus we can define £k,ij- To indicate its relation with w, we shall 
denote it by Sk,i,j{w). We would like to understand the properties of ek,i,j{w). 

Lemma 5.2.3. Let w be in Fa nP^^. For given integers 1 <i < p and 1 < j < rii, 
the numbers ek,ij{w) (1 < < rj) form an r-antichain of w of length rj. Thus the 
r-antichains 

{£k,z,j{w) I 1 < A; < n} il<i<p, l<j <ni) 
of w form a complete r-antichain family, we denote it by Z^,. 

Proof. For simplicity we write £k,i,i instead oiek,i,j{w) in this proof. Let Z be a 
complete r-antichain of w. If £ri,i,i is maximal among all w{l), u>(n), using 5.1.2 
(a), we see that the r-antichain B in Z containing £ri,i,j has length r^. Moreover 
by the definition of £k,i,j we see that the smallest number in B is not greater than 
ei^ij. Thus £ri,i,j — n < £i,ij- So all £k,i,j (1 < A < rj) form an r-antichain of w of 
length rj. 

In general, we consider the r-antichains of w in Z. 
Let 

I : w{^,) > w{^,^i) > ■ ■ ■ > wi^i) 

J : w(rii) > w(rii^i) > ■ ■ ■ > w{r]i) 
be two r-antichains of w in Z. Then S,h and r/h are in Ah for all h. Suppose 
w{^s) > w{Vt)- If 

w{^u+i) > w{r]u), w{r]u) > w{^u), w{r]u-i) > w{^u-i), 

w{r]u-v) > W{^u-v), W{r]u-v-l) < 'W{^u-v-l) 

for some < v < u < t,s — 1, then 
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I' : w(Cs) > W{^s-i) > ■ ■ ■> w{^u+i) > w{j]u) 

> w{r]u-i) > ■ ■ ■> w{r}u-v) > w{iu-v-i) > ■ ■ ■> w{^i), 

J' : w{/ji'} > w{rit-i) > ■ ■ > w(?7„+i) > w(^u) 

> w{^u-i) > ■ ■ > w{^u-v) > w{r]u-v-i) > ■ ■ ■> w{t]i) 

are two r-antichains of w. Replacing /, J by /', J' in Z respectively, we then get 
a new complete r-antichain family Z' of w. Continuing this process, finally we get 
a complete r-antichain family Z" of w with the following property. If / : w(^s) > 
w{^s-i) > • • • > w{£_i) and J : wijit) > w{r]i-i) > ■ • • > w{t]i) are two r-antichains 
of w in Z" and w(^s) > w{r]t), then w{^h) > w{j]h) for all 1 < /i < whenever 
w(S,h+i) > w{rih)- By the definition of £k,i,j we see that 

is exactly an r-antichain in Z". The lemma is proved. 

Lemma 5.2.4. Let w G TxH F^^ and Z be a complete r-antichain family of w. 
Then the dominant weight e{Z) is independent of the choice of the complete r- 
antichain family Z of w and only depends on w. Thus we can denote the dominant 
weight by e(w) and denote £ij{Z) by eij{w). 

Proof. Let /, J, /', J' be as in the proof of Lemma 5.2.3. Wc claim that e(I) = 
£(/') and e(J) = e(J'). By Lemma 5.1.4, e(/) and £(/') are completely determined 
by w(^s). So we always have e{I) = £(/')• u ^ t, then w{r}t) is the maximal 
number in J and J' as well. By Lemma 5.1.4 wc sec in this case e(J) = e(J'). If 
u = t, then s > t. Write w{£,t) = bi +Cin and w{r]t) = 62 + 0271, where I < bi,b2 < n 
and Ci, C2 € Z. Using Lemma 5.1.4 for the r-antichains / and /' we can find k such 
that both 61, 62 are in and then Ci = 02- Using Lemma 5.1.4 we see e{J) = £{J')- 
Thus we have e{Z) = e{Z') = £{Zw)- The lemma is proved. 

It seems that the number £ij{w) has a strange property which now we are going 
to state. Define efc^ij(w) = £k,ij{w) - wx{f) if ek,i,j = w{f). 

Lemma 5.2.5. e'fc,ij(w) > £'k,ij+i{w) if j + 1 < n^. 

Proof. Let £k,i,j{w) = w{ek-i + f) and Sk,i,j+i{w) = w{ek-i + g). Then 
£k,i,j{w) - £k,i,j+i{w) >g-f = wx{ek-i + f) - wx{ek-i + g). 
Therefore ^ ■ {w) > ^ {w) . The lemma is proved. 

Remark: It is likely that £ij{w) = ^ X]i<fc<r, ^'k,i,j('^)- 

The following is the main result of this chapter. 

Theorem 5.2.6. Let w be in Fx n F^^ We have 

(a) e(w;~i) = {-simiw), -£11(77;), -£p„p(w;), -£pi(M;)). 

if £(«;) = (£ii(w),...,£i„i(w), ...,£pi(u7), ...,£p„p(w)). 

(b) The map s : w ^ £(w) defines a bijection between Tx n F^^ and Dom(Fx). 
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Proof, (a) Let B = Bij G Zyj be an r-antichain of w of length r, consisting of 

bn+Cnn, bn-i + Cn-in, bi + Cin, 

where all bk are in [1, n] and Ck are in Z. Using Lemma 5.1.4 it is easy to see that all 
w~^{bk) = w~^{bk + c^n) — Ckn form an r-antichain B' of that is equivalent to 
w~^{B). (See Lemma 2.4.3 for the definition of equivalent r-antichains). All such 
r-antichains B' of course form a complete r-antichain family of w~^. By definition 
we have 

e(B') = -ci-C2 c^. = -£iB). 

By the definition of e(w) and of e(w^^) we see that (a) is true. 

We will prove (b) in next section. 

Before going further, we give two examples. 

(1) Assume that A = (n). Then the dual of A is and w\ = wq is the 
longest element of Wq =<si,...,s„_i>. In this case we have 

and Fa = GL„(C). Therefore Dom(FA) = ZJJ^^. Let w be in LAnF^^ Then w has 
a unique complete r-antichain family, which consists of {w{n)}. Assume 

that w = w;o.t"^ ■ • • a;^^~i^ a;"" , where ai, n„,-i G N and a„ e Z. Then we have 

e{w) = {ai + a2 + as -\ h fln, 02 + as -| h a„, a„_i + o„, a„), 

which is in Dom(i<A) — ^dom- 

(2) Assume that n > 3 and A = (2, 1, 1). Then the dual /z of A is (n — 1,1) and 
wa = si. In this case we have 

Ta n = {w""sl(a;sl)^ a;™si(w-^si)'' | a e Z, & e N} 

and Fa is isomorphic to C* x C*. Therefore Dom(FA) = Z^. We have 

£(a;""si(a;si)'') = (a, a{n - 1) + 6) G Z^ = Dom(FA) 

and 

£(a;""si(a;-^si)'') = (a,a(n - 1) - 6) e Z^ = Dom(FA). 



5.3. Constructing elements of Fa n ^ 

In this section we will give a proof of Theorem 5.2.6 (b). To do this we need 
construct elements of Fa fl F^ . More precisely for a given dominant weight e = 
(£11, ... j^ini) •••)£pi) •••)^pnp) in Dom(FA) we will construct an element in Fa n 
F^^ such that e{ws) = s. Then we show that the map £ is a bijection from FAflF^^ 
to Dom(FA). 

First we assume that all Sij arc nonncgativc. 

If £ = (1,0, ...,0) eDom(FA), then is defined by 

{i + l)Ai if a = an, 1 < i < ri — 1, 
We{a) = < Ai + n if a = a^i, 

w\{a) if a ^ aji(mod n), for all 1 < i < ri. 
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It is easy to see that X{ws) > A and niw^) > n (see 2.2 for the definition of X{w) 
and i-J.{w)). This forces that X{we) = A. It is easy to check that is in T\ fl F^^ 

and e{ws) = (1,0, 0). 

Now Suppose that Sij > 1 and we have defined w = Wg G fl F^^ such that 

(1) s{we) = s, here e = {en, ...,ei„^, ...,Sii, ...,Sij-i,Sij - 1,0, ...,0), 

(2) w{a) ~ wxia) if Ur-j < a < n, and w{arij) = 'Wx{arij) if Sij — 1 = 0. 

(3) ah w{a) > whenever a > 0. 

Then we define u = We' for e' = (en, sim, ...,Sij-i,eij,0, ...,0) as follows. 

Set Jn = j and choose 1 < jk-i < Xk-i for k = ri, .... 3, 2 such that 

w^(afc-ij,_i-i) > w(afcjj > w(afc_ij^_J 

for k = ri, 3, 2, (we set w{ak-i,o) = oo). Then define u = Wg' by 

{''^(«fe,ifc ) if a = ak-i,jk-i > 2 < fc < 

ii'(ai,jj) + n if a = a-r; J- , 
w(a) if a ^ afcj,, (mod n), 1 < A; < r,. 

Lemma 5.3.1. m = Wg' is in Fx fl F^^ and s{u) = s'. Moreover, u{a) = wx{a) if 
ttrj < a <n and all u{a) > whenever a> 0. 

Proof. Wc shall prove (1) l{u) = l{uwx) + l{wx), (2) /(u"^) = l{u-'^wx) + l{wx), 
(3) A(u) = A, and (4) e{u) = e'. 

Set 

ak = akjk for fc = 1,2, ...,rj. 

Write 

w{ak) = bk + CkH, I <bk < n. Cf, G Z. 

Then bk G A^^. for some 1 < gfe < r^, since by the assumption we have w{Ag) = 
w\{Aq) = Aq if ri < q < r. We have 

w{arij-i) = ^ + rjn > bn + = wianj) 

since w G F;^, where 1 < ^ < n and rj & Z. 

It is easy to see that w(ai), ...,w{ar-) form an r-antichain of w. Note that w 
is in Fx n F^ . Since w{Aq) = wx{Aq) = Ag whenever r > q > ri, using Corollary 
2.4.2 wc sec that each Ag {1 < q < ri) contains exactly one 6fe (1 < A; < ri). As in 
the proof of Lemma 5.1.4 we get 

(*) If bn is in A^, then (a) b^-h is in Ak-h for all 1 < h < k, and bn-k-h is in 
A^i-ft, if < /i < Tj — fc; (b) = • ■ • = Cn-k+i, and c^-k = ■ ■ ■ = Ci — — F 

(1) By the definition of u and using 2.1.3 (f), to check l{u) = l{uwx) + l{wx), 
we only need to verify that ^ + rjn > bi + cin + n = w(ai) + n. 

When j = 1 wc need do nothing. Now assume that j > 1, ^ is in Afc and b^ is 

in Ah. Note that 1 < fc, /i < r^. 

If A; < ft., then rj > 0^. Otherwise, Sij-i{'w) < £ij — 1. This contradicts that 
£i^j-\{w) = £i,j-i > Sij since e is in Dom(F>). 

By (*), we have bi G Ag, where g = h + 1 if 1 < h < ri and g = 1 if h = ri. 

If 1 < h < ri, then ci — — F So ci + 1 = Cr^ < rj. Thus we have 
^ + jjn > w{ai) + n in this case. 
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If /i = r, and fc > 1, then g = 1 and ci = 0^. In this case, ^ > 6i and rj > ci, 

we also have ^ + rjn > w{ai) + n. 

When h = Ti, fc = 1, we have g ~ 1 and ci = < t]. We then have 

w~^{bi) — ai — cin > w^^{^) = a^.j-i — rjn. 

Since G ^;)^, we see ^ > 6i. Therefore ^ + > w{ai) + n. 
We have showed that \ik <h then ^ + r/n > w{a\) + n. 

Now suppose that k > h. Then 77 > and ^ > 6^^. We have g = h + 1 and 
ci = — 1. If /c > /i + 1, we have ^ > 61, so ^ + jjn > ■u;(ai) + n. If /c = /i + 1, we 
have 

'w~^{bi) = ai — cin > w~^{^) = a^j-i — rjn. 

Since is in Fx, thus ^ > 61, so ^ + ?7n > w{ai) +n. So if k > h we also have 

^ + r/n > w(ai) + n. 

We have showed that ^ + ijn > w{ai) + n is true. So l{uw\) = l{u) — /(wa)- 
(2) Now we show that l{u^^wx) = l{u~^) — l{w\). We have 

— (ci + l)n if 6 = 61, 
u~^{b) = < ak-i — CkU if 6 = 2 < k < ri, 

w~^{b) if & ^ 6fe(niod n), 1 < A; < rj. 

Let 6 > 6' be in the same A, for some q. We need to show that u~^{b) < u~^{b'). 
Note that w~^{b) < w~^{b') since is in Fa- When both 6,6' are different from 
any bk, we have 

u-\b) = w-\b) < w-\b') = u-^{b'). 

If b = bk > b' for some k, then 6' ^ 6/( for any 1 < /i < r, since 6, 6' are in the same 
Ag and each A, contains at most one element of {61, 6^^}. Then we have 

u-\b) = u-\bk) < w-^{bk) < w-\b') = u-\b'). 

Now suppose that b > bk = b' . Then b ^bh for any I < h < ri since 6, 6' are in 
the same A, and Ag contains at most one element of {61, 6^.^}. Since G Tx 
we have 

w~^(&fe) = o-k — c-kn > w~^{b) = a — cn, 
where 1 < a <n and c G Z. Thus Ck < c. 
If Ck < c, we have 

u~^{bk) = ttk-i — CkU > a — cn = w~^{b) = u~^{b) 
for 2 < fc < Tj. For A; = 1, we have 

u^^ibk) = u~^{bi) = ttn — (ci + l)n. 

We claim that a^. > a. Otherwise, a > a^, then we must have c = since 
w{a) — wx{a) for = < a < n and then ci < since Cfc = ci < c. By 
assumptions on w, ci > 0, a contradiction, so > a. Thus in this case we also 
have 

u~^{bk) = u~^{bi) = — cin — n > a — cn = 'w~^{b) = u~^{b). 
We have showed that u~^{bk) > u~^{b) if Ck < c. 
If Ck = c, then ak > a. Note that ak & Ak- 
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If 1 < fc < Tj, we have 

w{ak+i) = bk+i + Ck+in > w{a) = b + cn> w{ak) =bk + CkU, 

since 6, hk are contained in the same A, and bk+i is not in A, and w{ak+i) > w{ak)- 
By the definition of ak, we see that a is not in A^ in this case, li k — Vi, we also 
have that a is not in A^. Otherwise we have a G A^.. Then c > c^, since b,bk 
are in the same A,, Uk > a and en > ■ ■ ■ > Sij-i > Sij — 1- This contradicts the 
assumption c = Ck{= Cn in this case). Therefore in any case a is not in Aj.. 
Since Uk > a, we see that a is in Ah for some 1 < h < k. If /i + 1 < /c, then 

u~^{bk) = dfe-i — CkU > a — cn — u~^{b). 

If h + 1 = k, then a, ak-i are contained in A/j. Since b > bk and c = Ck, we have 

w{a) = b + cn > bk + CkU > bk-i + Ck-in = w{ak-i)- 

Thus a < ttk-i since w G F^. Therefore 

u~^{bk) = ctfe-i — CfeTi > a — cn = u~^{b) 

ifk = h+l. 

We have showed that l{u~^w\) = l{u~^) — l{wx). 

(3) Now wc prove that \{u) = A. By (1) wc see X{u) > A. If we can show that 
> /i, then we arc forced to have A(m) = A. 

Let Z he a complete r-antichain family of w. If w(arj) > n, by the assumptions 
on w, we see that the r-antichain in Z that contains w(ar-J has length r^. 

If w{ari) < n, then Sij(w) = Sij — 1 = 0. By the assumptions on we see 
that w{ar^) = wx{ari). Let B be the r-antichain in Z that provides Sij{w) (i.e. 
£{B) = eij{w) and B has length rj). Let C be the r-antichain in Z that contains 
w{ar-). Assume that w{ar-i) is in B. Then by the assumptions on wc have I > j 
and w^ttni) € h-n- Replacing w{ar^i) in B by w{ar^) and replacing w{ar^) in C by 
w{arii), we get a complete r-antichain family Z' of w. The r-antichain in Z' that 
contains t(;(ar. ) has length r^. 

Thus it is harmless to assume that the r-antichain in Z that contains wiar^) 
has length r^, 

Let 

I : wi(s) > > • • • > 

J : > w{if]t-i) > ■■■> w{r]i) 

be two r-antichains in Z. Note that ^.k^Vk are contained in A^. Assume that I 
contains «;(arj. Then s = ri and = Write 

w(Cfe) = ttfe + Pkn, wirjk) = Sk + OkU, 

where 1 < ak,Sk < n and (3k, Ok G Suppose that for some 1 < /i < < r, we 
have 

u^{^k+i) > w{rik) > w{^k), w{r]k-i) > wi^k-i), 
w{r]h) > w{^h), w{r]h-i) < w{^h-i)- 

We claim that 

(3a) ak, 6k are contained in the same A, for some q and Pk = ^fe- 
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Assume that au is in A,. Since w{(^k+i) > w{r}k) > w(^fc), we have (3k+i > 
Ok > Pk- If 1 < 9 < — 1, using Lemma 5.1.4, then ak+i £ A^+i and = /?fe- 
Thus ak+i > 5k and 5k is in Ag or A^+i. In this case we have 

w~'^{5k) =r]k- OkU = r]k- Pkn < ^k+i - Pkn = w"^(afc+i). 

Since we must have 5k £ A^. Thus (3a) is true if 1 < g < — 1. 

Now suppose that q — ri. By Lemma 5.1.4, ak+\ G Ai and /3fc+i = /3fe + 1- 
Thus 9k = Pk OT (3k + ^- If ^^fc = /3fe + 1, then we must have 5k G Ai and ak+i > 5k, 
since w{£,k+i) > w{r]k) > w{^k)- But in this case we have w~^{5k) < w^^{ak+i)- 
This contradicts that G Fa. Therefore 9k = (3k- Now 1 < fc < ri — 1 and by 
assumptions on w we have w{Ai) = wx{Ai) = A; if rt < I < r. Thus 5k is not in 
A; for any Vi < I < r. This forces that 5k 6 A^- — Ag since w{r]k) > w{S,k) and 
9k = Pk- In conclusion, (3a) is true if g = rj. 

Wc have seen that (3a) is always true. 

Thus the foUowing two sequences 

r : w{is) > ■ ■ •> w{ik+i) > w{r]k) > ■ ■ > w{rih) 

> ■■■>w{^h-i)> ■■■>w{^i), 

J' : wirjt) > ■ ■ ■> w{r]k+i) > w{^k) > ■ > w{Ch) 

> ■ ■ ■ > w{r]h-i) > ■ ■ ■ > w{r]i) 

are two r-antichains of w. Replacing /, J in Z by /', J' respectively, we get a new 
complete r-antichain family of w. Continuing this process, finally we can find a 
complete r-antichain family Y of w with the following two properties 

(3b) The r-antichain / in 1" that contains wlar^) has length r^, 

(3c) Let / : w{^s) > wi^s-i) > ■ ■ > w{^i), J : w{r]t) > w{r]t-i) > ■ ■ > w{r]i), 
be two r-antichains in Y with s = Ti and = o,ri- For any l<fc<s — l,f, if 
w{^k+i) > wirjk), then w{^k) > w{Vk)- 

By the definition of ak, we see ^k = Cfe- 

Replacing the r-antichain w(ar-J > • • • > w{a2) > w{ai) in Y by w(arj > • • • > 
u{a2) > u{ai), we then get a set Y' consisting of r' r-antichains of u. The lengths 
of the r-antichains of u in Y' are /xi, respectively. Moreover the union of all 

elements in the r-antichains of u in Y' is {u{l),u{2), ...,u{n)}. By definition we 
have /x(u) > /x. Therefore we have /x('u) — ^ and A(u) = A. 

(4) From the proof above we see clearly e{u) = e'. 

Prom the definition of u we see u{a) = wx{a) if < a < n and all u{a) > 
whenever a > 0. 

The lemma is proved. 

Lemma 5.3.2. Let w be in flF^^. If all £ij{w) are non-negative, then 'w{k) > 
for all 1 < k < n. 

Proof. Otherwise, we can find some 1 < k < n such that w{k) = a — bn, 
where 1 < a < n and 6 is a positive integer. Let I be an r-antichain of «; in a 
complete r-antichain family of w that contains w{k). Let c + dn {1 < c < n, d &Z) 
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be the largest number in I. Since £ij{w) > for all we have d > 1. Then 
c + dn > a — bn + n. This contradicts that I is an r-antichain of w containing 'w{k). 
The lemma is proved. 

Lemma 5.3.3. Let w € Fa n T^^ be such that all components of eij{w) arc non- 
negative. Let I < i < p and I < j < Ui. If all Ski{w) = for k > i, or k = i and 
I > j, then w{a) = wx{a) whenever < a < n. 

Proof. By Lemma 5.3.2, w is positive. By the assumption on w we see that 
w{a) < n if a.f..j < a < n. Using Lemma 5.1.7 we see that iu{a) = wx{a) if 
dnj < a <n. The lemma is proved. 

5.3.4. Let w be in Tx fi F^^. Suppose that Sij > 1 and all Ski are non-negative 
and we have 

e{w) = (en, ...,£i„i, ...,£ii, ...,ejj-i,eij, 0, ...,0). 
Then we define u for 

as follows. Choose 1 < ji < Ai such that w{aij-^) > w{arj) — n but w(aijj+i) < 
w{arij) — nii + \ < Ai. Then choose 2 < < X/. for k = 1,2, fj — 1 such that 

for k = 2,3, ...,ri — 1. (We set w{ak,Xk+i) = ~oo for all k). By Lemma 5.1.8, such 
ji, jVi-i exist. Finally let jV< = j- For simplicity we set 

ak = akjk for fc = 1, ...,ri. 

Now we define u = u^' by 

{w{ari) — n if a = 0,1, 
w{ak-i) if a = flfe, 2<k< ri, 
w{a) if a ^ afc(mod n), for all 1 < fc < rj. 

Actually we have defined this element in section 5.1 (see Lemma 5.1.11). According 
to Lemma 5.1.11 we get 

5.3.4 (a) MisinFAHF^^ 

From the proofs of Lemma 5.1.11 and of Theorem 5.1.2 wo sec clearly 
5.3.4 (b) £{u) =e' = (en, ei„i, e^, ...,eij_i,ey - 1,0, ...,0). 

5.3.5. Proof of Theorem 5.2.6 (b): Let e = (en, ei„j , epi, ep„p) be in 
Dom(FA). Choose /c G N such that + kri > for all 1 < i < p, 1 < j < rij. By 
Lemma 5.3.1 we can find w e Fa fl F^^ such that 

e{w) = (en + kri, ...,sini + kn, ...,£pi + kvp, ...,epn^ + kvp) G Dom(FA). 

Then we have bj~^'^w e Fa n F^;"^ and 

e{uj~'^'^w) = (en, ...,ei„i, ...,£pi, ■■■,£pnp)- 

Therefore the map e is surjective. 
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Suppose that s{w) = (0, ...,0) G.Dom{Fx). By Lemma 5.3.2, w is positive. By 

the definition of e{w), wc sec w(a) < n if 1 < a < n. Thus w{l) + • • • + w(n) = 

IH \-n. Using Lemma 5.1.7 we get w = wx. Now suppose that w, € r^nr^^ 

and 

s{w) =e{w') =£= (en, ...,ei„i, ...,£ii, ...,ey,0...,0). 

Suppose all Ski are nonnegative and > 1. By subsection 5.3.4 we can construct 
u, u' from w, w' respectively such that 

e{u) = e{u ) = e = (en, £i„i , eij_i, £ij - 1, 0..., 0). 

We use induction on the sum of all components of e{w). By induction hypothesis 

wc sec u = u' . Now wc can recover w,w' from u,u' using the construction at the 
beginning of this section, see Lemma 5.3.1. Therefore w = w' ii all components of 
e{w) = e{w') are nonnegative. In general we can find k such that all components 
of £(aj'^"w) = e(ti)'^"ii;') arc nonnegative. Thus lo'^^w = w'^'^w. Hence w = w' if 
£{w) = e{w'). Wc proved that the map e is injective. 

Theorem 5.2.6 (b) is proved. 

In the following section we give some simple properties of elements in F;^ flF^^. 

5.4. Some simple properties of elements in Tx n F^^ 

Recall that we defined a^- = Ai + • • • + Ai_i + j for 1 < j < r, 1 < i < Aj, 

and Afe ~ {aki-, afeAt}- Fix w in Fa fl F^^. We write w{aij) = bij + UjU, where 
1 ^ bij < n and lij G Z. 

Lemma 5.4.1. Assume that I < j < k < Xi. If both bij and bik are contained in 
the same Kq for some q, then bij > bit ■ 

Proof. Note that hj > hk since w{aij) > w{bik)- Thus wc have 
w~^{bij) = ttij - kj-n < w^^{b^k) = Uik - kkn. 
Since € Tx and both bij and bik arc contained in Ag, wc sec bij > bik- 

Lemma 5.4.2. Assume that 1 < a,b < n and w(a) = aij+laU and w{b) = aik+hn, 
where 1 < j < k < Xi+i. Then la < h- Moreover, if la = It then a> b. 

Proof. Since w^^{aij) > w~^{aik) we see la < h- If 'a = h) from w~^{aij) > 
'w~^{aik) we get a> b. 

Lemma 5.4.3. (a) w{Xi) = Ci + l(mod n) for some i. 

(b) w{ei + 1) = Ai(mod n) for some i. 

(c) w{l) = ei(mod n) for some i. 

(d) w{ei) = l(mod n) for some i. 

(e) If w{aii) is maximal among all w{ajk), then w(oii) = ej(mod n) for some j. 

Proof, (a) Assume that w{Xi) = ei+j + Ix^n, where 1 < j < Ai+i and Ix^ € Z. 
If j ^ 1, we can find 1 < k < n such that w{k) = + 1 + IkU. Then Ik > Ixi 
since w{k) > U'(Ai), see Lemma 5.1.1 (b). Thus w~^{ei + 1) < 'w~^{ei + j). This 
contradicts &^\- So we must have j = 1- 

(b) Applying (a) to we see that (b) is true. 
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(c) Assume that w{l) = e^-i +j + hn, where 1 < j < A, and h G Z. If j ^ Aj, 

wc can find 1 < k < n such that w{k) = Ci + l^n. Since £ T\, wc have li < Ik. 
Then w{k) > w{l +«)>•••> w(Ai + n). This contradicts X{w) = A. So j = Aj. 

(d) It follows from w"^ G Ta n T^^ and (c). 
The proof of (e) is similar to that of (a). 

Lemma 5.4.4. Let w G Fa n F^^ be such that all components of e{w) are non- 
negative. If the {k, I) -component of e{w) is whenever k < i — 1, then 'w{aaj) > 
w{a0-^) whenever ri> a > p > 1 and Ac, A/3 > 7 > 1. 

Proof. It follows from the construction of elements in F^ nF^^, see section 5.3. 
To see it more clearly we use induction on the sum of all components of e{w) as in 
section 5.3. When the sum of all components of e{w) is 0, we have w — wx. In this 
case the lemma is true. Now assume that 

e{w) = {0, ...,0,eii{w), ...,eini{w), ...,eji{w), ...,ejh{w),0, ...,0) G Dom(Fx), 

where i<j,l<h<nj and ejh{w) > 1. 

Let u be in Fa n F^"^ such that £a/3(w) = eaf3{w) whenever (a,/3) ^ (j, h) and 
Sjh{u) = Sjh{w) — 1. By induction hypothesis, we have 

(*) u{aaf) > u{a/3j) 

whenever Vi > a > (3 > 1 and A^, A/j > 7 > 1. 

According to Lemma 5.3.1 and Theorem 5.2.6, we have 

{w(afc,mj if a = afe-i,mfe_i, 2 < fc < rj, 
u{ai^mi) + n if a = arj,ft, 
w{a) if a ^ afo„^(mod n), 1 < k <rj, 

where m^^- = h and to^j-i, "^2, "^i are inductively defined by 

w{ak,Tnk-l) > w{ak+l,mk+i) > w{ak,mk) 

for k = rj — 1, 2, 1, (we set w{ak,o) = 00). Using (*) we see that 
(★) rrirj > rurj-i > ■ ■ ■ > m2 > mi. 

Let Ti > a > f3 > 1 and A^, A/3 > 7 > 1. 

If both (a, 7) and (/?, 7) are different from any {k,mk) for k = 1,2, ...,rj, we 
have 

w{aa-y) = u{aa'y) > u{a0ry) = 'w{ap^). 
If (a, 7) = {q,mq) for some 1 < q < Vj and (/3,7) is different from any {k,mk) 
for k = 1,2, ...,rj, noting that u{aimi),---,u{cirjmTj) form an r-antichain of u (see 
the proof of Lemma 5.3.1), we have 

w{aa-y) > u{aa'y) > u{a0y) = 'w{ap^). 

Suppose that [a, 7) is different from any (fc, rofe) for = 1, 2, and (/?, 7) = 
{q,mq) for some 1 < g < r^. By (:*:) we have to^ > • • • > m^+i > m, = 7. Now 

7 ^ ma , so 7 < ma ■ When a = + 1 , we then have 

w{aa'^) = u{aa-f) > u{aa,^+i) > u{aam^) = w{ap^). 
When a > /3 + 1, we have 

^(^07) = u{aa^) > u{aa,mj > ■ ■ > u(a^+i,m^_^J = w{ai3y). 
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Finally suppose that (a, 7) = (a, ma) and 7) = {(3,mp). By the relation 
between w and u we have 

By induction we see that the lemma is true. 

5.5. Some elements of Fa fl F^^ 

In this section we write explicitly the elements in F^ H F^^ corresponding to 

fundamental weights of Fx. 

Let 9ij {I < i < p, i < j < rii) be in Dom(FA) such that its (fc, ^)-component 
is whenever k ^ i ov I > j and its (i, i)-component is 1 for I = 1, j. Then 6ij 
is the j)th fundamental weight of F\. Given 1 < ii, ...,ik < let .s(ii, be 
the element of W defined by ii ij+i for I = 1, k — 1, ii ^ ii, and m ^ m ii 
m ^ ii{modn) for all I. 

Let 1 <i < p and 1 < i < rij. For simplicity we write h for rj. Define 

Uij = TXiS{ei, ...,e/,)rAi-is(ei - 1, ...,e/, - 1) • • • rAi-j+is(ei - j + 1, ...,eh-j + 1). 

Then 

fefe+i-^ + l, ifa = efe-? + l, 1 < k < h - 1, l<l<j; 
Uij{a) = < ei — I + 1 + n, if a = e?i — Z + 1, 1 <l < j; 

[a, if a 7^ efe — Z + 1, for all 1 < A; < /i, 1 <l < j, 

where 1 < a < n. Note that ^^(efe-i + I) = — Z + 1 for all 1 < k < r and 
1 < Z < Afe. Thus we have 



UijWxia) 



where 1 < 0, < 



Gfe+i — Z + 1, if a = Cfc-i + Z, 1 < < /i — 1, 1 < / < j; 

ei — I + 1 + n, if a = e/i_i + I, 1 < I < j; 

wx{a), if a ^ e^-i + I, for all 1 < A: < /i, 1 < / < j, 



Recall that Uki = Ck-i + 1 for I < k < r and 1 < I < Xk- According to Lemma 
5.3.1 we see easily 

(a) UijWx is in Fa n F^^. 

(b) e{uijWx) = Oij. 

Using 2.1.3 (e) and noting that UijSk > Uij if Cm-i + 1 < < — 1 for some 
1 < m < r (cf. 2.1.3 (f)), we get 

(c) l{uij) = {n- rij)j and l{uijWx) = l{uij) + l{wx). 

Let jOii eDom(i^A) be such that its {i, l)-component is j and other components 
are 0. Using Lemma 5.3.1 we see 

(d) u^wx is in FaHF^^ 

(e) eiul^wx) =jOii. 

Using 2.1.3 (e) we see that 

K^a') = {n- ri)jri = jnliun). 
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Obviously we have u^-^^Sk > u^-^ if Bm-i + 1 < A; < — 1 for some 1 < m < r (cf. 
2.1.3 (f)). Therefore we have 

(f) l{u\^) = jl{uii) and liul^wx) = jl{ua) + l{wx)- 

Using the reduced expressions in 2.1.3 (d) we get 

(g) A reduced expression of un is 

WSei-2Sei-3 ' ' ' So-Sn- 1 ■Sri-2 • ' ' 

' ' ' Sefe_i Se^.i -lSeh_i -2 ' ' ' Seh_2 
^ ■ ■ ■ ^62 — 1^62 — 2 ■ ■ ■ 

where Sk means that Sk is omitted. 



CHAPTER 6 



A Factorization Formula in J^^nr^^ 

In this chapter wo will establish a factorization formula in Jp^^^p-i , see Theorem 
6.4.1. This formula is important for our proof of Lusztig Conjecture on based ring 
for type An-i and is obviously motivated by the corresponding formula in Rf^, 
which says that each irreducible rational F^-module is a tensor product of some 
irreducible modules of reductive components of Fx- In section 6.1 we note that in 
some cases the integers 'yu,v,w can be computed through the basis {Tic | x e W} 
instead of the basis {C^ \ x £ W}. In section 6.2 wc compute the product T^Ty 
for some special u, v. This computation is a key to our factorization formula. In 
section 6.3 we give some consequences of the computation in section 2. In section 
6.4 we prove the factorization formula. 



6.1. The integers ^u,v.w 

In this section we show that in some cases the integer ju,v,w can be computed 
through the product TuTy instead of C„C^, the latter is usually much more difficult 
to compute. Let A and w\ be as in section 2.2. Using induction on l{w) wc see 

(a) If w = uw\ and l{'w) = l(u) + l{wx), then = (j)Cyj^ for some <j) £ H with 

^ = <p. 

(b) If w = w\u and l{w) = l{u) + liwx), then = Cw^^ for some (j) & H with 

4> = ^- 

Noting that if u, v are in flF^^, we can find ui,vi in W such that u = uiwx, 
V = wxvi and l{u) = l{ui) + l{wx), l{v) = l{vi) + l{wx)- Thus we can find bar 
invariant elements <pi,(j)2 £ H such that 

Cu = (t>iCwx and = C^;,(/>2. 

Note that 

C C = fl-'("'A) a'^'-^'^'^C 

^wx^wx — y / ^ y '-'wx- 

■w<wx 

Let 

wew 

Then 7]^ is bar invariant, i.e. fjw = r]w We have 

""UyVjW — y / ^ y 'iw 

y<wx 

and then the degree of hu,v,w is either bigger than or equal to a(wx) whenever 
r]w 7^ 0. If w is in Tx n F^^, we must have r/w gN and rjw = 'yu,v,w 

56 
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Lemma 6.1.1. Let u,v GTxf) F^^. Write (see 1.2 for the deGnition ofT^) 

wew 

If degfu,v,w < (i{wx) = a for all w, then 

fu,v,w = lu,v,wq°' + lower degree terms, 
for anyw e Tx nT^^ 

Proof. Write 
Note that 

G + X! a; e W". 

We see Aegh'^^^^^ < a{wx) = a for any w since degfu,v,w < a. Moreover deg/i^ ,, ,„ = 
a if and only if deg/„,^,j„ = a, and in this case the leading coefficients of /i^ ^ ^ and 
fu,v,w coincide. 

For w e Fa n F^^ we have 

h'u,v,w = 7u,v,w(l"' + lower degree terms. 

Therefore 

.fu,v,w = lu,v,w<f + lower degree terms, 

for any w e n F^\ 
The lemma is proved. 

Lemma 6.1.2. Let u,v &W and Si^ - ■ ■ a reduced expression of v. Then 

j 

wliere j runs through all subsequences ji, ...,jm (including empty subsequence) of 
ii, ...,ik and Wj = sj-^ • ■ ■ Sj^ . 

Proof. It follows from the following fact 

(q - (!~^)Tx + Ta;si if xsi < X 



if XSi > 



Obviously when ii, ...,ik arc pairwise different, then ^ wy if j 7^ j', and 
gu,v,} is either or a power of g — q~^. 

Lemma 6.1.3. Let x € W and j, k be integers with 0<k — j<n — 2. Assume 
that xsi < X for I = j,j + 1, k, and let y = SkSk-i ■ ■ ■ sj. Then 

rf ff _ \^ tk-j+l-m.'f 

■^x-^y — / ^ s ^xk\---kjni 

k>ki>k2>--->km >j 

here we use xk\ ■ ■ - km for xski ■ ■ ■ , and ^ stands for q — q~^. 
Proof. We use induction on k — j. When — j = 0, we have 
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The lemma is true in this case. Now suppose that the lemma is true when y is 
replaced by ysj. Then we have 

f f = \ fk-j-mf 

k>ki>k2>->k^>j+l 

Note that xsk^ ■ ■ ■ Sk^Sj < xsk^ • ■ ■ Sk^ for any sequence k > ki > k2 > ■ • ■ > km > 
j + 1. Thus we have 

rr^ rri rr> rr> rri 

■^x-'-y x-^ysj -'■ Sj 

tk — j — mrp rp 

— Z^k>ki>k2>--->km>j+l ^ J-xki-'-k^-^Sj 

— '^k>ki>k2>--->km>j+i^'^ ' "^{^'^xki---k^ +Txkx---k^i) 

— \^ tk-j+l-mrp 

— I^k>ki>k2> — >km>i^ -^xki—km- 

The lemma is proved. 

Let W\ be the subgroup of W generated by all simple reflections that appear 
in a reduced expression of wx. 

Lemma 6.1.4. Let u G W. Write u = uiU2 such that Ui is the shortest element 
in the coset uWx and U2 is in W\ . Then in 

wew 

we have degfu,wx,w < l{u2) if w ^ uiwx and fu,wx,uiwx = lower degree 

terms. 

Proof. Wc have l{ui) + l{u2) = l{u), l{uiwx) = l{ui) + l{wx) and l{u2Wx) = 
l{wx) — l{u2). Using induction on l{u2) we can prove the lemma. 

In next section we compute some TuTv 



6.2. A computation for some T„T„ 

In this section we compute TuTy for some special u,v in Tx H F^^. Suppose 

that w G r^nr^"'" and e{u)) = (eii(w), ...^Spn^iw)). Denote by ei{w) the element in 
Dom(^\) whose (i, j)-component is Sij (w) for j = 1, 2, rij and other components 
are 0. Then e{w) = ei{'w) + • • • + ep{w). The main result of this section is 

Proposition 6.2.1. Let u,v G fl F^^ be such that all components of e{u) 
and e{v) are nonnegative. Assume that £i(u) = e2{u) = ■ ■ ■ = = and 

= 1 and eki{v) = if {k, I) ^ {i, 1). Then degf u,v,w < o^i^x) for all w G W, 
sec Lemma 6.1.1 for the definition of fu,v,w. 

6.2.2. Proof of Proposition 6.2.1. When r = 1, the proposition is proved in [LI]. 

Now we suppose that r > 1. Recall that eo = 0, = Ai+A2H hAfe, aki = Ck-i+l 

for = 1, 2, r, 1 < Z < Afc. Set h = ri, see section 5.1 for definition of rj. Let 

Vl = Sei_lSej_2 ' ' ' .S2.Slt^Sn-l.Sri-2 ' ' ' -^e,, 

^Sef^-lSef^-2 ■ • • Se^-i Se^.i-lSefe-i -2 ' " ' Sefc_2 
^ ■ ' ■ ^62 — 1^62 — 2 ■ ■ ■ 
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where Sk means Sfe is omitted. According to 5.5 (a)-(c) and 5.5 (g) we have v = viwx 
and l{v) = l{v-i) + l{w\). 

Now we compute T^Ti,^ . To avoid complicated subscripts we also use T{w) for 
fyj for any w €W. Set 

X Sefc_i-lSefc_i-2 ■ • • Sefc_2 

for j = r,r — 1, h+1, note that = /i; 

X Sej_i — iSej-i — 2 ■ ■ ■ Sej_2 
X ^62 — 1^62— 2 ' ■ ■ . 

fori = 2,3,...,/i. 

For simplicity wc often use ii«2 • • - ife for Si-^Si^ ■ ■ -Sij.. Since uSq < u for all 
1 < g < ei — 1 = Ai — 1, according to Lemma 6.1.3 we have 

ei-l>ji,fei>Ji,fei-i>--->ji,i>l 

where ^ stands for q — q~^. 
Let 

ui = wji,feiii,fei-i • • ■ ji.i'^- 

Recall that ajk — ej-i + k for all 1 < j < r and 1 < k < Xj. We have 

(a) ui{n) = u(ai;i) +n for some I < h < Ai. 
It is easy to see 

(b) h < ki + 1. Moreover Zi = fci + 1 if and only if ji^g = q for q = 1, ki. 

(c) ui(a) = u{a + 1) for all ei < a < n — 1. 
According to Lemma 5.1.1 (c) we have 

ui{n) = u{aiij + n> u{amh) = ui{amh - 1) 
for m = 2, 3, r. For convenience we set 

w(amo) = oo and u{am,x„^+l) = -oo 
for all m. Choose < < A^ such that 

u{armr) > u{aui) + n> u{ar,rn^+l). 

Then rrir < h — I- Set 

Then l{u'j.) = l{ui) + A^ — rrir- Moreover we have w^Sg < mJ, for q — e^-i, e^-i + 
1, Br-i + rur — 1 = arrur ~ 1- Thus, using Lemma 6.1.3 we get 

where the sum is for all sequences er-i+rrir—l > jr,kr > jV.fer-i > • • • > jr,i > ^r-i- 



60 6. A FACTORIZATION FORMULA IN J _i 

Set 

We have 

(d) If rrir = kr then Ur{er-i) = w(ai;J + n, in this case we set Ir = rrir + 1. If 
< fcr < rrir then Ur{er-i) = u{ari^) for some 1 < Ir < K + 1. Note that in any 
case the rrir — Ir + ^ elements 

u{armr), u(ar,m^-l), "(ar.i. + l), Mr(er-l) 

are bigger than u(aiij + n, and the — /r + 1 elements 

W(armr). "(Clr.m^-l), "(cir.Jr+l). Wl(er) 

are less than Ur(er-i)- 

(e) Ur-(a) = u{a + 1) for all ei < a < e^-i — 1. 

Suppose that we have defined u'^,,Uc',mc' > kc' > 0, ic' for all r > c' > c > 
rj + 1 = /i + 1 such that 

(f) Uc'(ec'-i) = u{ac'.i ,) for some 1 < Zc' < fee' + 1 if fee' < rnc>; and ?ic'(ec'-i) = 
Uc'+i{ec>) if TOc' = fee', in this case we set Ic' = rric' + 1, (we understand that 

Ur+l = ur,) 

(g) Uc'(a) = u{a + 1) for all ei < a < Cc'-i — 1. 
Now we define rric as follows. 
Choose < rric < Xc such that 

) > Wc+l(ec) > w(Oc,mc + l) — '^*c+l(Oc,mc)- 

Set 

~ Wc+lSec-l'Se<,-2 ' ' ' Sec-i+TOc- 

Then /(u^) = l{uc+i) + Xc-mc and w^s? < foi' 9 = ^c-i, Gc-i + l, Cc-i+mc-l. 
Using Lemma 6.1.3 we see 

where the sum is for all sequences Cc-i+mc— 1 > jc,fec > ic,fco-i > • • • > jc,i > Cc-i. 
Set 

Uc = u'cjc,kjc,kc-l ■ ■ • Jc,l- 

If kc < rric we can find 1 < Ic < kc + 1 such that Uc(ec-i) = ^(aci^); if rric = 
we set Ic = mc + 1, and in this case we have Uc(ec-i) = ^0+1(60). Obviously we 

have 

(h) The rric — Ic + ^ elements 

"(OcmJ, '"(ac,m,-l), w(ac,(, + i), Wc(ec-l) 

are bigger than Uc+i{ec), and the rric — + 1 elements 

"(OcmJ, w(ac,mc-l)) u(ac,i<, + l)) Uc+l(ec) 

are less than Uc(ec-i). 

(i) Uc(ct) = u{a + 1) for all ei < a < ec-i — 1. 
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In this way we defined Uc, u'^, Ic, kc, mc for all r > c > + 1 = /i + 1. Prom (i) 
we see 

(j) Uh+iSj < Uh+i if ei < j < e/j - 2 and j 62 - 1, 63 - 1, en-i - 1. 
By Lemma 6.1.3 we have 



E^>e>2(Ac-l-fcc) 



h>c>2 

eo-'^>jc,ka>jc,ka-l>--->Jc,l>ec-l 



if{uh+l Yl_ {jc,kjc,k,-l - ■ ■ 3c,l))- 



h>c>2 

Write 



v' = Uh+1 Yl_ jc,kjc,kc-l ■ ■ -jc,!- 



W 

h>c>2 

We are concerned with the degree of fu,vi,w'- From the construction above we see 

(k) The degree of fu,vt,w' is 

Ai - 1 - fci + ^ {mr -kr)+ ^ (Ac - 1 - kc). 

r>c>h+l h>c>2 

We have 

~ Sto',tuelV .fu,vi,w' fw' ,Wx,wTw 

Now we consider the degree of fw',wx,w- Note that w'{ec) — u{ac+i,i^^i) for some 
1 < Ic+i < Ac+1 whenever 1 < c < h — 1. Obviously we have 

(1) Ic+i < kc+i + 1 for 1 < c < /i - 1. 

According to Lemma 5.4.4 we have 

(m) ■u(ac+i,i^_|_i) > u(ac,;^+J if 1 < c < /i - 1. 

Note that if 1 < c < h—1 then w'{aci), w'{ac,x^-i) are in {u(aci), u{acxj}- 
Thus, 

(n) among w'{aci), . .., ^'(ac, Ac-i) least Ac — {Ic+i — 1) — 1 = Ac — ^c+i of them 
are less than w'{ec) = u{ac+i,i^_f.i). 

(o) Suppose that among u{ahi), ■■■,u{ah\,,) we have that /3 of them are less than 
'^'{"'hXh) = Uh+i{eh)- Since w'{ahi), ...,w'{ah,Xh-i) are in {u{ahi), ...,u{ahXf,)} we 
see at least /3 — 1 of w'{ahi), ...tw' {ah^Xn-i) are less than w'{ahXh)- 

Using (h) and (o) wc get an r-chain of u consisting of 

u{ahi), u{ah,Xh-l3), Uh+iieh), u{ah+ij^^:^+i), u(aft+i,mh+i), 
Urier-i), u{ar,i^+i), u(arm,), u{aii^+n), u{aixi+n), 
whose length is 

L = Xh- P + m/i+i - Ih+i + H h mr - /r + 1 + Ai - Zi + 1. 
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If 

-(/? -l) + mr-kr-\ h ruh+i - kh+1 + - 1 - fci > 0, 

then we have 

L > Xh ~ [3 + mh+i - kh+i + h mj. - fcr + Ai - (fci + 1) + 1 > Ai. 

This is impossible since the partition of u is A. So we have 

(p) - I) +mr - kr -\ h m,h+i - fcft+i + A/^ - 1 - fci < 

Write w' = w[w2 such that w[ is the shortest element in w'Wx and W2 is in 
VKa- According to (n) and (o), we have 

(q) /K) < Z(«'a) - Ei<c<^.-i(Ac - Ic+i) - (/3 - 1). 

Using Lemma 6.1.4 we see that the degree of fw',wx,w is less than or equal to 

lM'El<e<h-li>^c-lc+l)-iP-l). 

(r) Since the degree of fu,v.w is the maximal number in 

{dcg/„ + degfu,',wx,w I w' e W}, 

we see that the degree of fu,v,w is less than or equal to 

Al - fcl - 1 + TOr- - fcr H 1- mh+1 - kh+i 

+ Xh-l-kh + --- + X2-l-k2 

+ l{wx) - {Xh-1 -Ih) (Ai - I2) - (/3 - 1) 

< l{wx) = a{wx). 

The Proposition is proved. 

Corollary 6.2.3. Keep the notation in 6.2.2. Suppose that fu,v,w has degree 
a{w\). Then we have 

(a) Ic is equal to kc + 1 for 1 < c < h. 

(b) M(ac-i,;„-i) > u{acij > u{ac-ijj for 2 < c < h. (Note that h = ri.) 

(c) Ic < lc-1 for2<c<h. 

(d) -l) + mr-kr-\ 1- ruh+i - kh+i + A/, - 1 - fci = 0. 

(e) Uh+i{eh) > u{ahij and u{acij > u(ac-i,;c-i) for c = 2, 3, h. 

Proof, (a) If Ic < kc + 1 for some c, then w'{a) < w'{b) for some 
Cc-i + Zc + l<(i<&< ec-1 + fee + 1 < Cc. 
Thus l{w2) would be less than 

l(wx)- (Ac-/c+i)-(/3-l)- 

\<c<h-l 

From the proof in 6.2.2 we see that the degree of fu,v,w then would be less than 
a{w\). (When 2 < c < /i we can see that lc = kc + l using 6.2.2 (1) and 6.2.2 (r).) 

(b) By Lemma 5.4.4 we have u{aci^) > u{ac-i.i^)- Suppose that u{aci^) > 
u{ac-i,i^-i) for some c with 2 < c < h. Then among w'(ac-i,i), w'(ac-i,Ac-i-i) 
at least Ac-i — (Zc — 2) — 1 = Ac-i — l,- + 1 of them arc less than w' {ac-i,i^_i). 
Then ^(^2) would be less than l{wx) — Yli<c<h-ii^c — Ic+i) — (/? — 1). From 6.2.2 
(1) and 6.2.2 (p-r) we see that the degree of fu,v,w then would be less than a{wx). 
Therefore (b) is true. 
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(c) The proof is similar. If Ic > Ic-i for some 2 < c < h, then among 

t«'(ac-i.i),.--,w'(ac-i,Ac-i-i) s-t least Ac-i — (Zc — 2) — 1 = Xc-i — + 1 of them 
are less than w' {ac-i,i^_i)- As the proof of (b), this is impossible. Therefore (c) is 
true. 

(d) It is clear from the proof of Prop. 6.2.1. 

(e) When c — 2,3,. ..,h, using (c) and Lemma 5.4.4, we see that u{acij > 
w(ac-i,i^_i). If ■u/i+i(e/i) < u{ahi^), then /3 of w' {ahi), ■■■,w' {ah,\^-i) are loss than 
w'{ah\J. Thus ^(^2) would be less than l{wx) - J2i<c<h-ii^c ~ Ic+i) - (/? - !)• 
By 6.2.2 (q-r), this contradicts that fu,v,w has degree a{w\). Therefore Uh+i{eh) > 
u{ahij. (e) is proved. 

The proof is completed. 

Corollary 6.2.4. Keep the notation in 6.2.2. Suppose that degfu^v,w = ai^x). 

(a) We have w{aci) > w{acv) for any 1 < c < r and 1 < I < I' < Xc- 

(b) Suppose that 1 < c < h. Then 

u{aci) ifl<l< Ic+i - 1, 

M(ac+i,;,+i) ifl = lc+i, 

u(ac,z-i) iflc+i < I <lc 

u{aci) iflc<l<Xc. 




(c) 



w{ahi) = < 



(uiahi) iil<l<Xh-l3, 

w'{eh) ifl = Xh-p+l, 

u{ah,i-i) ifXh-p + l<l<lh, 

u^au) iflh<l<Xh. 



(d) Suppose that h + 1 < c < r. We have 



w{aci) 




if 1 <l<lc, 

if Ic < I < rric, 

if I = 777-0, 

if rric < I < Xc- 



Proof, (a) From the proof of Prop. 6.2.1 we see l{w) = [{wwx) + l{wx). Using 
Lemma 2.5.1 we get (a). 

(b) Using Corollary 6.2.3 (b)-(c) we see that (b) is true. 

(c) and (d) arc clear from the proof of Prop. 6.2.1. 
The corollary is proved. 
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6.3. Some consequences 

Let u, V be as in section 6.1. In this section we will figure out the t« in Fa flF^^ 
with fu,v,w having degree a{w\). We keep the notation in 6.2.2. 

Lemma 6.3.1. If (3 = then degfu,v,w is less than a{w\). 

Proof. In 6.2.2 wc have showed that 

-(/3 -1) +mr - kr-\ 1- ruh+i - kh+i + A^, - 1 - fci < 0. 

When /3 = 0, we have 

rrir - kr ^ h TO/i+i - kh+1 + A/i - fci < 0. 

Therefore the degree of fu.v,w is cither less than or equal to 

Xi - ki - 1 + nir - kr -\ h mfi+i — kh+i 

+Xh - 1 - fcft + • • • + A2 - 1 - A:2 

+l{wx) - {Xh-i -Ih) (Ai - h) 

< l{wx) = a{wx). 
The lemma is proved. 

Lemma 6.3.2. Assume that degfu,v,w = a{wx)- 

(a) If h > Xh then w is not in F;^ fi F^^. 

(b) If w is in F;^ D F^^, then £fe(u) is equal to ek{w) if 1 < fc < i — 1. 

Proof, (a) According to Corollary 6.2.3 (d) we must have 

-{(3 -1) +mr - kr-\ h rrih+i - k^+i + A,j - 1 - fci = 0. 

Thus the r-chain of u>, (here we need Corollary 6.2.4 and 6.2.2 (h)) 

w{ahi), w(a;i_Ah-/3), w{ah,Xh-fi+i)-, 

. . 

has length 

L = Xh-P+l + nih+l - Ih+l + H h TOr - + 1- 

We have 

L >Xh-P + l + mh+i - kh+i H hrrir -kr 

= ki + l 
>li 
> Xh. 

By Corollary 6.2.4 (a), the sequence w{aci) > ■ • • > w{acx,.) is an r-chain of w of 
length Acifl<c</i — 1. Thus w has an r-chain family set of index h and the 
cardinality of the r-chain family set is bigger than Sh- Therefore «;^F;^nF^^. 
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(b) Since ek{u) = for fc = 1, — 1 and all components of e{u) are non- 
negative, using Lemma 5.3.2, Theorem 5.1.12 and Lemma 5.1.4 we see that 

(1) 1 < u{apq) < n if 1 <p < Vi-i and q > Xh- 
By (a) and Corollary 6.2.3 (c) we get 

(2) Xh>li>l2>--->lh- 
Using Corollary 6.2.4 we then get 

(3) w{apq) = u{apg) if 1 < p < ri_i and g > A^,. 
Using Lemma 5.4.4 for u and Corollary 6.2.4 we see clearly that 

(4) w{apq) > w(ap_i,g) if 2 < p < h — 1 and 1 < g < Ap, Ap_i. 
Now we show that 

(5) w{ahq) > w{ah-i,g) if 1 < 9 < A^, Xh-i- 

Wc must have Ih > X^ — P + 1 since degfu,v,w = ai^x). Using Lemma 5.4.4 and 
Corollary 6.2.4 we see that (5) is true. 

Using (1), (3-5), Lemma 5.1.4 and Lemma 5.2.3, we see that 

ek{w) = (0, ...,0) =Sk{u) 

if 1 < k < i — 1. (b) is proved. 

The lemma is proved. 

Definition 6.3.3. Let a G Z. Write a = Uij + kn, 1 < i < r, 1 < j < Xi. The 
level of a is defined to be the pair {i, k). We say that {i, k) > {i', k') ii k > k' or 
i > i' and k = k'. 

Let w € W. An r-antichain of w is called saturated if the r-antichain is con- 
tained in some complete r-antichain family of w. Analogously we define saturated 
d-antichains of w. 

Lemma 6.3.4. If w is in Tx n F^^ and degfu,v,w = 0'{wx), then all 

u{acij, u{ac,i^+i), u{acmc), Wc+i(ec) 
liave tiie same level whenever h + 1 < c < r and lc<mc- (Recall that Ur+i = ui.) 

Proof. Suppose that the conclusion is not true. Then there exists some c with 
h + 1 < c < r and Ic < Wc such that some pair of neighboring terms in the sequence 

u{acij, u{ac,i,+i), u(acmj, Wc+i(ec) 

have distinct levels but all 

uiac'i^,), u(ac',i^+i), u{ac'm^,), Uc'+i(ec') 

have the same level for all c < c' < r with Zc' < ^c' • 

Let Z he a complete r-antichain family of u. For = Ic, Ic+iy 'n^c we choose 
such that u{ac-i,0i,) and uiflce) are in an r-antichain of u that is contained in 

Z. 

Suppose that all 

u(aci^),u(acj^+i), ...,u{acfi-i) 
have the same level but u{ac,0-i) and u{ace) have distinct levels for some Ic < 9 < 
rric- Obviously we have 



66 6. A FACTORIZATION FORMULA IN J _i 

(a) u{ac,e-i) > w(ace)- 

Suppose that c — 1 > h. We claim that 

(b) M(ac-i,/3e-i) > u{ace)- 
Write 

Then ^ G Ag for some I < q < r. By assumption, w{aki) and u{aki) have the same 
level for all c < fc < r and 1 < / < Xk- By Lemma 5.1.4, then we may assume 
that th(^ r-antichain C in Z containing u{aci^) has length c and there is a saturated 
r-antichain of w that contains Mc+i(ec) and has length c. 

Note that u(ac_i,/3, ) is in C and m,c-i('5c-2) > u{aci^) (since c—l>h). Using 
Lemma 5.1.4, then we can find a saturated r-antichain oitu that contains u{ac-i,(3, ) 
and has length c — 1 since u{aci^) and Uc+i{ec) have distinct levels. 

We claim that g > 1. Otherwise, q = 1. Write 

u{ac-i,0, ) = X + yn, 1 < x <n, € Z. 

By Lemma 5.1.4, we have x £ Ac. But there is a saturated r-antichain of w 
that contains u{ac-i,f3,^) and has length c — 1, by Lemma 5.1.4, this is impossible. 
Therefore q> 1 and x e Ag_i and y = r]. Using Lemma 5.1.4 we see that u(ac-i,/3,^ ) 
and u(ac-i,/3s_i) have the same level. Write 

u{ac,e) + v'n, 1 < < n, ??' e Z, 

and 

u{ac-i,0g_i) = x' + y'n, 1 < x' < n, i/' £ Z. 
then x' G Aq_i and y = y'. 

Since u{ac.o-i) > ii(ace), y' = and u{aci^), u{ac^e-i) have the same level, we 
have y' > Vj and ^' £ Ag' for some 1 < g' < g if y' = r/'. 

When y' > r]' , clearly (b) is true. If y' = r( and 1 < g' < g — 1, (b) is also 
obviously true. Now suppose that y' = rj' and g' = g — 1. Using Lemma 5.4.2 we 
see that (b) is true. Thus (b) is always true. 

Similarly ii u{aci^), .■■,u(acm^) have the same level and '(i(acm^), Uc+i(ec) have 
distinct levels and Uc+i{ec) = u{aki) for some c < k < r and 1 < I < Xk, we have 
■u(ac-i,/3„^ ) > Uc+i(ec). If u(ac;^), u(acm<,) have the same level but u{acmrj and 
Uc+i{ec) have distinct levels and Uc+i{ec) = u{aui + n), using £ Fa H F^^ we 
can see that u(ac-i,/3„^) > Uc+i{ec)- Thus in this case (b) is true. 

Note that u{acij > u{a.c-i,pg) for all pg. Thus Wc-i < (3g for all l3g since 
c — 1 > ft. + 1. Using Corollary 6.2.4 we see that the following elements 

w{ahi), w{ah,\u-D), w{ah,\u-i}+i), 

w{ah+i,ih+^), 'w{ah+i,m.h+i), w(ac-2,;e-2)i i"(ac-2,me-2). 
w{ac-i,i^_,), w{ac-i,mc-i), 'w{ac-i,i3,J, w(ac-i,/3i„+i), w{ac-i,0g_J, 
w{ac,e-i), ■■; w{acmc), 

W(ac-|-l,;c+i)> 1"(Oc-M,me+i)i Wiar-l,lr-i, 1"(Or-l,m^_i), 

w{ari^), w{ar,i^+i), w{ar,m,.), wiai.h+i + '^)' w{aix^+n), 
form an r-chain of w. 
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Since 

-(/? - 1) + - fcr H \- ruh+i - kh+i + Xh - 1 - h = 0, 

the above r-chain of w has length 

L = Xh - nih+i - Ih+i + IH 1- mc-i - h-i + 1 

+mc -lc + 2 + ruc+i - Ic+i + iH \- rur - Ir + ^ + Xi - h. 

We have 

L >A/i - /?+! + ruh+i - kh+i H h nic-i - K-i 

+mc - kc + l+ rric+i - /cc+i H \- rrir - kr + I + Xi - ki - I 

= Ai + 1 
> Ai. 

This is impossible since w G Fa H F^^, so the lemma is true in this case. 
Suppose that c = h + I. By assumption, we have 

(c) u{ac'i^,) and Mc'+i(ec') have the same level for all c = /i + 1 < c' < r with 
Ic' < rric'. 

Using Corollary 6.2.4 we get (note that Ih+i < rUh+i in our case) 

(d) ■u(a/i+i,i^_|_J = w'{eh) = w{ah,\^-f3+i)^ and w{aki) and u{aki) have the same 
level for all r > A: > /i + 2 and Afe > Z > 1. And 

Using Lemma 5.1.4, thus we have 

(e) there is a complete r-antichain family Yu of u such that the r-antichain B in y„ 
containing u{ah+i,ih^i^) has length h + 1; 

(f) there is a complete r-antichain family Yyj of w such that the r-antichain C in 
containing w{ah,\,,-i3+i) = u{ah+i,i^^i) has length h; and the r-antichain D in 

Yu, containing w(a/i+i^„^^J = Uh+2ieh+i) has length h+l. 

By Corollary 6.2.3 (e), u{aki^) < u{ak+i,ii,_f.i) for k = l,2,...,h. Using Lemma 
5.4.2 we see 

(g) u{aji.) and u{aki^) have distinct levels whenever l<j<k<h + l. 

Let B' be an r-antichain in F„ . Suppose that B' has length greater than h+l 
or of length h+l but does not contain u{ah+i,i^_f_^)- Assume that uiflki^) is in B' 
for some 1 <k <h. By (g) and (d), we can find some u{ake^) that has the same 
level as u{akik) and in an r-antichain B" in Y^ of length less than the length of 
B' . Replacing u{aki^) by u{akek) in B' and replacing u{akek) by u{akik) in B", and 
continuing this process, finally we get a complete r-antichain family Y^ of u with 
the following property. 

(h) Any r-antichain in Y^ of length greater than ft, + 1 or of length ft, -|- 1 but not 
containing u{ah+i,ih+i), does not contain any uiflkik) for A; = 1,2, ...,h. Moreover 
the r-antichain in 1^ containing u{ah+i,ih^i) has length ft -|- 1. 

(i) It is harmless to require that Yy, = Y^. Then, for any r-antichain B' in that 

has length greater than ft -f 1 or has length ft-f- 1 but does not contain u{ah+i^i^^-^), 
replacing u{ac'i^,) {h + 1 < c' < r) hy w{ac'm^,) if u{ac'i^,) is B' , we get an r- 
antichain C of w. It is harmless to assume all such C are in Yy,. 
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Suppose that u{akq^) are in B iov k = 1, 2, h. Write 

w(a/n-i,;^+i) = Xh+i + Vh+in, 1 < Xh+i < n, yn+i e Z, 
u{akqk) = Xk + ym, l<Xk<n, j/fe e Z, fc = 1,2, 
By (e), (f) and Lemma 5.1.4 we get 

(j) Xh+i is in Ag for some 1 < g < h and a;/i+i_g is in Ah+i- 
Since 

and they have distinct levels, by Corollary 6.2.4, if q^+i-g ^ Ih+i-g then 

w(a/i+i-3,qh+i_,) is in w;(Ah+i_g), if /i + 1 - ,g > 2 then u{ah+i^g^q^_^^_^) is in 
■u;(A?i+i_g) or in w{Ah+i-g-i). Then in both cases, by (i) and (f), u{ah+i-g,qh^i_g) 
is not in any r-antichain in Yyj of length greater than h. By Lemma 5.1.4, this is im- 
possible. Hence h+l—g = 1 and qi = h. But wc have ?i(ah+i,;^^i) > Uh+2{eh+i) > 
w(aiJi) + n, this contradicts that B is an r-antichain of u. Therefore u{ah+i,i,^^-^) 
and Uh+2{eh+i) = w{ah+i,mh+i) i^^^ve the same level. 

The lemma is proved 

Corollary 6.3.5. ek{u) = ek{w) whenever k ^ i. 

Proof. When k < i, this is Lemma 6.3.2 (b). Using Lemma 6.3.4 and Corollary 
6.2.4 we see that w{aci) and u{aci) have the same level if c > and \c > I > 1. 
Therefore ek{u) = ek{w) ii k > i. The corollary is proved. 

Lemma 6.3.6. Let u,v € Tx H T^^ be as in Prop. 6.2.1. Keep the notation in 
6.2.2. Assume that w GYxCi F^^ and degfu,v,w = a{w\). Then 

(a) u{aii^) and u(ai_ji_i) have distinct levels and 1 < h < Xh- 

(b) u{aci^) and u{ac,i^-i) have distinct levels for c = 2,3, r. 

(c) There is a complete r-antichain family Zofu such that the r-antichain B in Z 
containing u{aii^) has length h. (Recall that ri = h.) 

Proof, (a) By Lemma 6.3.2 (a) we have 1 < h < Xh- If u{ai^i^-i) and u(aiij 
have the same level then 

u(ai,;i_i) = aki + qn and u(auj = aw + qn 

for some r>fc>l, Afe>Z>Z'>l and some g S Z. Then w^^{aki') = ^' — {q+i)n 
for some I < ^' < n, and w~^{aki) = £, — qn for some 1 < ^ < Ai. Thus w~^{akii) < 
w~^iaki)- This contradicts that w G Tx flF^^. Therefore u(ai,ji_i) and u(aiii) 
have distinct levels. 

(b) Similarly we see that (b) is true. 

(c) Let Au (resp. A^) be the set of elements in u(Ai) (resp. w{Ai)) that have 
the same level as u{aii^). Let Z he a complete r-antichain family of u. Assume that 
(c) is not true. By Lemma 5.1.4, then any r-antichain in Z that contains one element 
in Au has length different from h. By Corollary 6.2.3 (c) and Lemma 5.4.2, 71(02(2) 
and u(ai;i) have distinct levels. Now w{Ai) is the union of {u{Li) — {u{aii^)} and 
u{a2i2). Thus \Au\ = \Ay,\ + 1. By Lemma 5.1.4, this forces that ek{w) ^ efc(w) 
for some k =/= i. This is impossible by Corollary 6.3.5. So there must be some 
r-antichain in a complete r-antichain family of u that hash length h and contains 
u{aui). 
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Proposition 6.3.7. Let u,v gYxOT^^ be such that all components of e{u) and 
s{v) are nonnegative. Assume that 

ei{u) = £2(w) = ■ • • = £i-l{u) = 

and 

eii{v) = 1 and Ski{v) = if {k,l) ^ {i, 1) 

Then 

where w runs through the set 

X = {w GTxri I £ij{w) — £ij{u) + 1 for some 1 < j < tii, 

and £ki{w) = £ki{u) if {k,l) ^ (i, j)}. 



Proof. Suppose that w £ T and £ij{w) = £ij{u) + 1. Then £ij-i{u) > £ij{u). 
(We understand that eia{u) = oo.) Let Z he a complete r-antichain family of u 
and B an r-antichain in Z that has length and provides £ij(u). Let u{aki^.) be 
in B for fc = 1, h. We may choose Ik as big as possible. By Lemma 5.1.4, then 
u{ak,ik-i) and u{akik) have distinct levels. According to Lemmas 5.4.4 and 5.2.3, 
we see that 1 < h < Xh- 

Now suppose that 1 < h < Xh satisfies (a) and (c) in Lemma 6.3.6. Assume 
that B is an r-antichain in a complete r-antichain family Z that has length and 
provides £ij{u). Then obviously we have eij-i{u) > £ij{u). We need show that 
there exist unique fci, fcc, 1 <lc < Xc + l for c = 2, 3, r such that fcc + 1 = /c for 
all 1 < c < r and the corresponding w in 6.2.2 satisfies that (1) w € Fa fl F^^ and 
(2) deg/„,^,t„ = a{wx). 

Keep the notation in 6.2.2. 

If c > /i -I- 1, we choose \ < Ic < rric + inductively so that (1) u(acm^) > 
Uc+i(gc) > 'U'{ac^m^+i), (2) u{aci,.) and Uc+i{ec) have the same level but u{ac.i^-i) 
and u{acij have distinct levels, noting that if no such Ic we set Zc = "^c + 1- Then 
set — Iq 1* 

Let u{ahah)^ u(a2a2): be the r-antichain B in Lemma 6.3.6 (c). We 

may require that ?i(acaj and M(ac,a^-i) have distinct levels for c = 2, h. Then 

we set Ic = OLc for c = 2, h. 

According to the arguments in 6.2.2, it suffices to prove the following three 
assertions. 

(a) Ih < Ih-i < ■■■ <li- 

(b) M(ac-i,i„-i) > u{acij for c = 2, 3, h. 

(c) Let 1 < /3 < A/i be such that u{ah,\h-p) > Uh+i{eh) > u{ah,\^-i3+i)- Then 

Xh- 13 + ruh+i - Ih+i + iH \-mr-lr + l = li-l. 

(Note that u{ahij < u{aii^) + n< Uh+i{eh)- So A/, - /3 + 1 < Ih-) 

For all 1 < c < /i we write 

u{aci^) = + Vcn, where 1 < < and rjc G Z. 
Let Z he a complete r-antichain family of u containing B. 
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Now we argue for (a). If Ic > Ic-i for some 2 < c < h, then there is an r- 
antichain C in Z such that C contains u{acp^) and u(ac-i,pc-i) ^'^^ some 1 < Pc < Ic 
and Ic-i < Pc-i < Ac-i- Write 

u{acpj^x + yn and u{ac-i,p^_i) = x' + y'n, 

where 1 < x,x' < n and y, y' G Z. Assume that 

xsAj, x' G Ak and € Ag. 

If g > 1, by Lemma 5.1.4, then ^c-i £ A^-i and ?7c = r/c-i. Since M(acp^) > 
w(ac,;„-i), w(ac,Zc-i) and w(ac(„) have distinct levels, and u{ac,i^_J > u(ac-i,p„_J 
(see Lemma 5.4.4), we see 

(d) either j > q and y > ric, ov y > ric, and either k < q—1 and y' < ric, or y' < r]c. 

If J > 1, using Lemma 5.1.4 we sec that k — j — 1 and y = y'. This contradicts 
(d). If j = 1, then y > rjc- By Lemma 5.3.2, -qc > 0, thus e(C) > 0, see section 5.2 
for the definition of s{C). Since em{u) = for 1 < m < i, the length of C is not 
less than h. By Lemma 5.1.4, then k > h. But by Lemma 5.1.4, q < h. Hence by 

(d) we see y' < rjc- Therefore u{acpj > ^(acJo-i) + This contradicts that C is 
an r-antichain of u. 

If g = 1, then ^c-i G and rjc = ?7c-i + 1- Thus y > rjc and y' < tJc — 1. Since 
C is an r-antichain in Z, by Lemma 5.1.4 we must have y = rjc, y' = r/c — 1 and 
j = 1. This contradicts that u{aci^) and u{acpj have distinct levels. 

Thus if Ic > Ic-i for some 2 < c < h we would be led to a contradiction. 
Therefore (a) is true. 

Now we show (b). If u{ac-i,i^-i) < u{acij for some 2 < c < h, using Lemma 
5.4.2, we see that u{ac-i,i^-i) and u{aci^) have distinct levels. Write 

u{ac-i,i^-i) =^' + Vi'n, ^' e Afc/ and rj' G Z. 

Recall that S A,. Then 

(e) either k' < q and r]' < rjc, or r]' < rjc- 

Since Ic < Ic-i and u(ac-i,i^_i-i), u(ac-i,;<._i) have distinct levels, if g > 2, 
by Lemma 5.1.4, we have that k' > q — 1 and 77' > r]c-i = rjc, or rj' > rjc-i = rjc- 
This contradicts (e). Therefore 9 = 1 and rj' < rjc- Then rj' > rjc-i implies that 
Tj' — rjc-i — rjc — I. Moreover wc have k' > h since u{ac-i^i^_-^-i), ?i(ac-i,ic-i) 
have distinct levels and ^c-i G A^. Then it is easy to see that the r-antichain D in 
Z containing u{ac-i,i^-i) does not contain any of u(aci),...,w(ac,;„-i) since none of 
them is in Ai + (rj' + l)n or A^'+i + rj'n. 

Thus there is an r-antichain E in Z such that E contains u{acp^) and u{ac-i,p^_i) 
for some 1 < Pc < Ic and Ic — I < Pc-i < Ac-i- As before, write u{acp^) = a; -|- yn, 
u{ac-i.p^_i) = x' + y'n, where 1 < x.x' < n and y.y' G Z. Assume that 
X € Aj, x' G Afc. From the arguments above we see that y' < rj' = rjc — 1 and 
V > ?7c- Thus by Lemma 5.1.4 we must have y = rjc and j = 1. This is impossible 
since u{ac,i^-i) and u{aci^) have distinct levels. We proved (b). 

Now we prove (c). Let U be the set consisting of ?i(aii), 11(012), i*(ai,ii-i), 
and let V be the union of the two sets {u{ahi), u(ah,Xf^-i3)} and {u{acs) \ h+1 < 
c < r, 1 < S < Xc, and u{acs) has the same level as u{aii^) + n }. Let C be an 
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r-antichain of u. We shall show that if C contains some element in U, then C 
contains exactly one element of V, and vice versa. 

Let a < A;i — /3. Then u{aha) > u/i+i(e;i). Let C be the r-antichain in Z 
containing u{afia)- Assume that u{aiy) G C. We claim that 7 < ^i. Write 

u{aha) = S, + Vn-, u{ai^) = ^' + r]'n, 

where 1 < ^, ^' < n, 77, rj' G Z. Assume that £, € Am and ^h+i & \h+i ■ Then either 
m > qh+i and 77 = r]h+i, or 77 > jj/j+i. 

Assume that m > qn+i, Vh+i = V- By Lemma 5.1.4, then r]' = r] — 1 and 

^' € Am/ for some m' > m whenever m < h. If ?Ti > h, then rj' = rj. In any case we 
have u(ai-y) > u{aii^) since u/j-|-i(e?i) > w(ai(j^) + n. So we have 7 < ^i. 

If 77 > 77/j+i, then 7/' > 77/1+1, so we have u(ai-y) > ^(aiij since u/i+i(e/i) > 
^i(aiii) + ^- Thus we also have 7 < Zi in this case. 

Now suppose that c> h, I < S < Xc and u{ac5) has the same level as -^(01;^) +71, 
and D is the r-antichain in Z containing u{acs)- Assume that u(ai^) is in D. We 
claim that 7 < /i- We may write 

u{acs) = C + + u{ai^) = ^' + rj'n, 

where < C,,^' <n, 77' € Z. Assume that C, € A^. Then either 772 > c, ^' e A^-c-i-i 
and 77' = ?7i + 1; or 771 < c, 77' = ?7i, and ^' € A^/ for some 7n' > m. In any case we 

have u(ai^) > ^(ai;^). Hence 7 < ^i. 

Obviously if an r-antichain in Z contains some u{acs) for some c > h and 
u{acs) has the same level as u{aii^)+n, then C does not contains any u{aha') with 
a' < A/i - /?, since u{aha') > Uh+i{eh) > u{ac5)- 

Now suppose that 7 < Zi and C is the r-antichain in Z containing u{ai^^). We 
claim that either C contains some u{aha) for some a < — P 01 C contains some 
u{aca) for some Oh and w(aca) has the same level as u{aui) + n. 

As before write u{a\-y) = ^' + 77'?!. Assume that ^' € A^/ and ^1 e A^j . Then 

either m! > (71 and 77' = r/i, or rj' > rji, since M(ai-y) and w,(ai;j) have distinct levels. 
Since ej{u) = for j < i, by Lemma 5.1.4 we see that the length of C is either h 
or greater than h. Let u{ah<x) = ^ + 7771 be in C, where ^ S Ag for some 1 < g < r 
and 77 G Z. 

Assume that 77' > 771. Suppose that u{aha) < Uh+i{£h)- Then 7/ = 771 + 1 
since 771 -|- 1 > r; > 77' > 7/1 and q < qi- By Lemma 5.1.4, q > h and qi < h. A 
contradiction. Therefore we have u{aha) > Uh+i{eh) and we are done in this case. 

Assume that m' > qi and 77' = 771. If u{afiui) > Uh+i{c^h) then we are done. 
Now suppose that u{aha) < Uh+i(eh)- Then we have two cases, (1) r] = rji + l and 
q < qi, (2) 77 = 771 and q > m' > qi. When 77 = 771 + 1, since q < qi < m', by 
Lemma 5.1.4 we see that there is r > c > h such that u{aca') = + "^''-n G C for 
some 1 < a' < Ac with ^" G Ag^ and 77" = 77. Thus u{aca') has the same level as 
u(aiii) +71. When r] = r}\ and q > m' > qi, using Lemma 5.1.4 we see there is some 
r > c > h such that u{aca') = C + ffn G C for some 1 < a' < Ac with ^" G A^^ 
and r(' = 77 -t- 1 . 

Therefore (c) is true. 

The proposition is proved. 
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Proposition 6.3.8. Let u,v GT\r\ T^^ be such that all components of e{u) and 
e{v) are non-positive. Assume that 

si{u) = e2{u) = ■■■ = Si-i{u) = 

and 

£in,{v) = -1 and eki{v) = 

if{k,l) ^ {i,n,). Then 

where w runs through the set 

{w €:Txr\ I Sij{'w) = Eijiu) — 1 for some I < j < rii, 
and Skiiw) = Ski{u) if {k, I) ^ 



Proof. Apply Prop. 6.3.7 and use 1.3 (b) and note that Jp^f^r'^ commutative 
(see Theorem 2.3.2 (b)). 

6.4. The factorization formula 

Now we can prove the factorization formula. Wc need a notation. For x,y G 
Tx nV^^ we define x * y G fl F^^ to be the unique element z in F^ n F^^ 
determined by e{z) = s{x) + s{y). 

Theorem 6.4.1. Let w eTxCi F^^ and € Fa n F^^ ( I < i < p) be such that 
e{wi) = ei(w) (see the beginning of section 6.2 for the definition of ei{w) ). Then 



Proof. We show the result first in the case when w satisfies Ski (w) > for all 
k,l, and then in general. 

Step 1. Assume that all eki{w) > 0. It is sufficient to prove that if £fe(w) = 
for k = 1, i and e(u) = ei(u), then tutw = tu»w 

Let i> € Fa n F^^ be such that eki{v) = for all pairs (fc, /) except Sii{v) = 1. 
Let m e N. According to Prop. 6.3.7, we have 

where u is in Fa H F^""^ such that (1) all components of e(u) arc nonnegativc. (2) 
= s{u), (3) J2i<j<ni (") ~ ^^'^ (^) ^" given by the following formula 

V{eiv)r = ^euV{e{u)) e„ e N. 

u 

Recall that V{e{u)) is an irreducible Fx-module of highest weight e{u). 

By 1.3 (d), the positivity of the structural coefficients jx,y,z^s (see 1.3 (f)) and 

(a) we get 

(b) If 0u + 0, then 
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for some a; G Fa fl F^^ with (1) eki{x) > for all k,l, (2) J2i<j<ni^ij(^) ~ 
S^i<j<ni ~ ^'^'^ i^) = Moreover if u ^ u' and = ta;'*t«) 

then X ^ x'. 

Clearly 0„ is not zero if and only if (1) all components of e{u) are nonnegative, 
(2) ei{u) = e{u), (3) T,i<j<ni (^) = 

Let y e Fa n F^^ be such that £ij{y) = k for all j and other components of 

e{y) are 0. Then 

for some z gTxH F^^ with £i{z) = £{z) and with X^i<j<„. = fc'^i- 

By Prop. 6.3.7, we have tyty = ty^^y. Hence 

tytytyj — tyunytixj — ty'unyj 

for some y' G Fa n F^^ with £i{y') = e(j/') and with J2i<j<ni ^ijiv') = + ^■ 
Thus 

By Prop. 6. 3. 7, this forces that y = z. Thus we have 

(c) tyty) — ty*w 

Now we define a total order on the subset Mk of Fa H F^^ consisting of all 
elements w in Fa H F^^ with (1) all components of e{u) are nonnegative and are 
less than or equal to k and (2) ei{u) ~ e{u). Let z, z' be in M^. If £ij{z) = £ij{z') 
for j = I + 1,1 + 2, m but eu{z) > eii{z') then we define z > z'. This of course 
introduces a total order on M^. We have 

(d) If u G Mk and tytw = tx*w, then x G Mk- 

Otherwise, by (b) we see that Sii{x) > k. Let q = krii — £ji(u) — • • • — (it). 
Write 

tltu = J2^n'tu', ^u'SN. 

u' 

By Prop. 6.3.7, ^ 0. By (c) and Prop. 6.3.7, ty^^w appears in tltuty, with nonzero 
coefficient ^j, but ty.,u: appears in f^txtw with zero coefficient. Thus tltuty, 7^ t1tx*w 
This contradiction shows that x must be in Mk- (For a given element ^ = (Jz^z G 
Jp_^i_iP_i, we say that tz appears in t with coefficient Oz.) 

Now we claim that 

(C) tyty) = ty^yj fOV dl\ u in Mfc. 

By (c) we see that (e) is true for the maximal element in Mk- Assume that for 
any z G Mk with z > u we have t^tw = tz*w By (c) we may assume that u is not 
maximal and we can find 1 < j < rii such that £ij{u) > .j+i(w,) = ■ . . = ei„. (u). 

We have tyty, = tx*w for some x G M^. Suppose that u ^ x. Since for a; > u 
we have txtw = tx*w, using (b) we get x <u. 
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Denote by tu the element in Z"^ x • • • x Z"p whose (i, /)-component is 1 and 
other components are 0. Consider the product 

z 

Let w' G M/j be determined by e(u') = e{u) + nj+i, then appears in t„t„ 
with coefficient 1. By induction hypothesis, tu'*w appears in tvtx*w with nonzero 
coefficient. According to Prop. 6.3.7, this forces that e{x) = e{u) + Tjj+i — Ti^m 
since x < u. 

If eii{u) < k 01 there is j' > j such that eij'{u) > eij/+i(u), then tv' appears 
in tytu with coefficient 1, where v' £ TxCi T'^^ with e{v') = e{u) + Ta or e(w') = 
e{u) + Ti^j'+i. Obviously w' e and > u, by induction hypothesis, then 
tv'*w appears in t^tx*w with coefficient 1. But this is impossible since by Prop. 
6.3.7, if x' ^ u' * w and tx' appears in tytx*w with non zero coefficient, then 

^iriii^^ ) ~ ^irii ('^) I* 

Thus we must have 

eniu) = ■ ■ ■ = eij{u) = k > eij+i{u) = ■■■ = ein,{u). 

Define VXE ^ztz) = E ^z- 

li Ui — j > 2 or Ui — j = 2 but Sij{u) > Sij+i + 1, then ip{tvtutw) = 2 but 
i}{tvtx*w) > 3. This is impossible. If nj = j + 1 we have x = u since e(a;) = 
e(u) + Tij+i - Ti^„^. 

If rii = j + 2 and Sij{u) = k = ei,j+i{u) + 1, we can prove directly that the 
assertion (e) is true in this case. In fact, from tyt^ = ty^y^ and by considering 
tyty'tw we see that tyd^ = tyi^,^ if e{y') — e{y) — Tin.. Then by considering tytynt^ 
we see that ty'dw = ty".,w if ^{y') = ^{y) — '^Tim and k > 2. Thus by considering 
iv^ii^w we see that tutyj iu*w i^ this case. 

The theorem is proved when all eki{w) > 0. 

Step 2. Now w 6 Fa n F^^ is arbitrary. We can find g G N such that Skiiw) + 
qrk > for all k,l. Let u = uj'^^w and G F^ n F^^ with e{ui) = £i{u). Then 
£ki{u) = Ekiiw) + qrk > for all k, I. By step 1 we have 

Obviously we have 

Since lo'^^wx G Fa n F^^ and etiX^'^^^wx) = qvk > 0, by step 1, we have 

(h) tu,i^w>, = toite^ ■■■Up, where 9k G FaHF^^ is determined by e{9k) = £k{oj'^'^wx). 
Using 1.3 (b) and Theorem 2.3.2 (b) we get 

(i) t^^-qn^^ = tg-ltg-1 ■ ■ -tg-l. 

Obviously we have t^iq^wx^uj-t^-wx = ^wx- Using 1.3 (c) and 1.3 (f) we see that 
Uk^e^^ = tyj^ for all k. Thus we have 
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(j) tH=W- 

According to step 1 we have 

(k) t0fy^ ■ ■ ■ t0^_^tukte^^^ ■■■tep= tvk foi^ all k, where Vk = 01*02* ■■■ * 9k-i * Ufc * 
6k+i *---*0p. 

Note that e(wfea;~'") = e{wk) = e(wfc) — s{9k) for all k. Using Theorem 5.2.6 
(b), we get Wfcw"'" = Wk for all k. Then obviously we have ty^t^^-qn^^ = t^^. Using 
(f)-(k) we get 

= nfe=i(*ei*e2 ■ ■ ■Uk-i'tuktek+i ■ ■ -tepte-itg-i ■ --tg-i) 

— nfe=i tvktui-i^wx 

The theorem is proved. 



CHAPTER 7 



A Multiplication Formula in Jp ^p i 



Let A be as in section 2.2 and rii be as in section 4.1. Then GL„. (C) is the ith 
reductive component of Fx- Let e = (en, ...,epnj,) and e' = {e[i, ■■■,Sp^^) be two 
elements in Doni{Fx) such that Ski = s'y = whenever k i and en = 2, £^2 = 
• • • = Siui = 0. Let V{e) and V{e') be two irreducible F\-modules of highest weight 
£ and e' respectively. Then we have a simple formula for the product V{e)V{e') 
in Rp^ (see 4.2 (g)). In this chapter we will establish a multiplication formula in 
Jp^PiP-i that is corresponding to the formula for V{e)V{e'), see Theorem 7.2.2. 

To do this we compute some product T„T„ in section 7.1. Then in section 7.2 we 
prove our formula. In Chapter 8, using this formula and the factorization formula 
(Theorem 6.4.1) we show that Conjecture 2.3.3 is true. 



7.1. A computation for some T„T„ 

Let u,v be in r;^ H F^^ such that e{u) = Si{u) and eii(v) = 2 and eki{v) = 
whenever {k, I) ^ {i, 1). In this section we will compute the product TuTy provided 
that all components of e{u) are non-negative. We show that fu,v,w have degree less 
than or equal to a{w\) for the u,v and all w e W. Keep the notation in Chapter 
5. Let Vii be the un in section 5.5. We have 

Lemma 7.1.1. Let 1 < k < r. Suppose that Ck-i + 1 < <? < — 2. TJien 

(a) Tg^Ty^^ = Ty.j^Tg^, 

(b) f-'fy,, = fy,,f-\ 

Proof, (a) According to section 5.5 we have vn = T\^s{ei,e2, eh)- Using this 
we see easily that SqVn = vnSq and l{sqVii) = 1 + l{vii). Thus 

We proved (a), (b) follows from (a). 

7.1.2. Let u be in Tx n F^^ such that (1) £i{u) = e{u) and (2) all components of 
£{u) are nonnegative. Let v = vf-^wx- By 5.5 (d-e), we have v € F;^nF^^, Skiiv) = 
if {k,l) ^ («, 1) and ei\(v) = 2. Now wc compute TyTy. Recall that we have set 
Cfc = Ai + h Afc, eo = and Vi = h. By the construction in section 5.3 we see 

(*) u{a) = v{a) = wx{a) if either e/i + 1 < a < n or a = afc; for some k with I > Xh- 
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According to 5.5 (g) we get 

Va = WSei_2Sei-3 ' " " SlS0Se2-lSe2-2 " ' ' Sgj 

XSe;,_i-lSe^_j_2 • • • Se),_2*ei, — lSe),-2 ' " ' Seh_i 
X^n— lS„_2 • • • Seh 

Set 

^ — ^n — l ' ' ' • 

Let 1 < j < h — 1. Suppose that Zk < Sefc-2 • • • Sek-i for fc = 1, 2, j. Using 2.1.3 
(f) we see 



(a) uijjziZ2 • ■ ■ ZjSq < UUJZ1Z2 ■ ■ ■ Zj for all ej < q < e^+i — 2. 
According to (*) and Lemma 6.1.3, we have 



h 

(b) f„f„,, = Yl (11 

2l,l<Sei-2---Seo 

Using Lemma 5.3.2 and 2.1.3 (f) we see that 

l{uujzi^i ■ ■ ■ Zh,i5) = l{uu)Zi^i • ■ ■ Zh,i) + 

Thus we have 
Let 

u'l = UbJZi_i ■ ■ ■ Zh.lS. 

Then for 1< A: < /i - 1 we have u'li^ek) — w(flfc+i,pfc-|_i,i ) for some 1 < pk-\-i,i < Afc+i 
and u'i{eh) = u(ai_pi J + n for some 1 < pia < Ai. Thus 

Zk,l = Sek-i+Pk,i-2 ■ ■ ■ Sck-iUk,! 
for some yk,l < Sek-2Sek-3 ■ ■ ■ Sek-i+Pk,l- ^^^^ 

Ky'ivi} ■ ■ ■ Vh'i) = + /Kl) + • • • + 

Let ui = u'-^yi\ ■ ■ ■ y^j. Then 

rp rp rp — 1 rp — 1 

J-u{ — -'■ui-'- -1 ■ ■ • -f^-i • 

Note that l{zk,i) = l{yk,i) + Pk,i — 1- Thus we have 



Afc-Pfc,i 



-Kvi 



Zl,l<Sei 



•5 eg 



fe=l 



L)r-\)-' 

Vi,i 



-Kvh,- 



Moreover we have 
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(d) Ml (a) 



u{a) if efc_i + 1 < a < efc_i +pfc,i - 1, fc = 1, 2, /i, 

u{a+l) if Cfe-i +pfc,i < a < efc_i - 1, fc = 1, 2, /i, 

w(afe+i,pfc+i,i) ifa = efc, fc = 1, 2, /i - 1, 

+ ifa = e;i, 

u{a) if e/i < a < n. 



In particular we have 

(e) ui(a) > ui(6) if efc + 1 < a < 6 < Cfc+i — 1 for some < fc < r — 1. 

For any w (^W we set w(ako) = oo and w{ak,Xk+i) = — oo for all k. 
For 1 < k < h choose < qk^2 < — 1 such that 

■"1(0^,9^,2) > wi(efe) > ui(afc,q^ 2+1). 

Using 2.1.3 (f) wc got 

h h 

(f) [|(.Se,_2 • • • Se,_i+gfe,2)) = ^K) + ^I^^*^ ~ ^'^'^ " 



fe=l 



fe=l 



Let =Uiwnfc=i(«efc-2---Sefc_i+gfe,2)- Then we have 



if efc-i < a < Cfe-i + (jffe,2 - 1, fc = 1, 2, ft, 
if a = efe_i + 5fc,2, fc = l,2,...,/i, 
if efe_i + g'fe,2 < a < efe, fc = 1, 2, /i, 
if e/, < a < n — 1. 

if efc„i + 1 < a < efe_i + (7fe,2, fc = 1, 2, /i, 
if a = efe_i + (jfc,2 + 1, fc = l,2,...,ft,, 
if efe_i + gfc,2 + 1 < a < Cfc, fc = 1, 2, h, 
if e/i + 1 < a < n. 

As a consequence we have 

(h) u'2{a) = u{a + 1) if e/i < a < n — 1 and u'2Sq < u'2 if Ck-i < q < Sk-i + qk,2 — 1 
for some 1 < k < h. Moreover, u'2{a) > U2{b) if Ck < a < b < ek+i — 1 for some 
< fc < r - 1. 

Thus we have 

h 

and (here we need Lemma 6.1.3 and recall that T'(w) is set to be T^) 

h 

•2l,2<Seo + <Il,2-l'"*eO 
^'i,2<Seft_l+<,^_2-l'"''e)i-l 



u'2(a) 



(g) 



U2UJ' 



-1 _ 



ui{a + 


1) 


ui(efe) 




Ml (a) 




.Mi(a + 


1) 


'ui(a) 




Mi(efe) 




Ml (a — 


1) 


ui(a) 
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We may check that 

^"2-21,2 ■ • • Zh,2S) = ^(^2-21,2 • • • Zh,2) + 1{S). 

Therefore we have 
Assume that 

"221,2 • • • Zh,2S{ek) = u'20j^'^{ak+i,pk+i,2) 
for /c = 1, h — 1 and 

^221,2 • ■■Zh,2^{eh) = U2'^"^(ai,pi,2) 

Then 

Zk,2 = Sefe_i+pfc,2-2 • • • Sefe_iyfe,2 

for some yk,2 < Sefc_i+qfc,2-iSefc-i+qfc,2-2 • • • Sek-i+pk,2- We have 

l{U2Zl,2 ■ ■ ■ Zh,2Syi^l ■ ■ ■ Vll) = l{u'2Zi^2 ■ ■ ■ Zh,2S) + liVi^l) + ■■■ + liVh^l)- 

Let U2 = ^2-21,2 • • • Zhfi5y^^ ■ ■ ■ y^_2- Then 

rp rri rp — 1 rp — 1 

-'«^Zl,2---^)i,2l5 — -'U2-'„-l ■ ■ ■ -',,-1 • 
«1,2 «h,2 

Note that l{zk,2) = l{yk,2) +Pk,2 — 1- Thus we have 

h 

^ ' ~~ S/l,2 tlh,2 

^l,2<Seo + 9i,2-l'"«eo '^—^ 

2h,2<Seh_i+<,h_2-l---««h-l 

Moreover we have 

(k) U2(efe) = U2'^~^(afe+i,p^_^i J for A; = 1, ...,h-l and U2{eh) = U2C0~'^{aip^^^) + n. 

(1) U2{a) = u{a) for all Ch < a < n, and U2{a) > U2{b) ifefe + l<a<6< ek+i — 1 
for some fc = 0, 1, 2, h—1. 

Prom the above discussion and using Lemma 7.1.1 we see that 

(m) 

1 

TuTv ='y~\ fu,V,U2'^'<J-2 TT ((^ (J'l.'n) J" ^ . . . (j/fe.m)^^ ))T^^^ /«,j;,«2^-^l 
' , yi,m Vh.m 

U2 m=2 

where /;^^_„^ = ^^'=-P'=.i+«,2-Pfe,2+i degree 

h 

D = ^(Afe - Pk,i + qk,2 - Pk,2 + 1)- 
fc=i 

Using Lemma 5.4.4, (d) and Lemma 5.1.1 (c) we see that 

(n) qk,2 < Pk+1,1 - 1 for fc = 1, 2, ft, - 1, and 17,1,2 < Pi,i - 1- 

Since u{ak+i,p^^^ .,) < u'2'^~^{ak,pk,2) k = 1, ...,h - 1 and w(ai,pi J + n < 
U2a;~^(a/i,p^ J, we have 
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(0) Let 1 < fc < /i - 2. We have 

M2(Afc) = (u(Afe)-{M(afc,p,,J, W2w"^(afc,p(,.J})|J{u(ofe+i,p^+i J, U2w"^(afc+i,p^+i, J}. 

If M(afc+2,p,+2_J > M(afc+i,p^^,_J, then 

1 < Pk+1,2 < gfe+1,2 + 1 < Pfc+1,1- 

In this case we have 

U2a;-^(afc+i,p^_^j J > u(afe+2,p^+,_ J > u(afe+i,p^^i_ J, 

and 1 < Pk+1,2 < gfe+1,2 or Pk+1,2 = gfe+1,2 + 1- Using (d), (g) and Lemma 5.4.4 we 
see that 

(01) among W2(afe,i), ■■■,U2{ai.,\k-i), at least — Pk+1,2 of them are smaller than 

W2(afeAj- 

Similarly, if u{ak+2,pk+2,i) < "('^fe+i.Pfe+i.i)' ^'^^'^ ^^"^^ 

(02) among U2(afe,i), ...,U2(afe,Afc-i)) at least Afe — Pk+1,2 — 1 of them are smaller 
than U2(afeAj, and qk+1,2 < Pfe+2,1 - 2. 

Similarly for k = h — 1, h we have 

(03) either among U2(afe,i), W2(afc,Afc-i), at least Afc — pfc+1,2 of them are smaller 
than ?i2(afeAfc), or among U2{aks), U2(afe,Afc-i), at least \k - Pk+1,2 - 1 of them 
are smaller than U2{akx^) and gfe+1,2 < Pk+2,1 — 2, where we set ph+k,2 = Pk,2 and 
(Ih+ka = qk,2- 

Let X be the element in u^Wx of minimal length (see 6.1 for the definition of 
W\). Then U2 = xy for some y £ Wx. Using (n) and (ol-o3) we get 

{p) D + l{y)<liwx). 
We also have 

(q) f-\ f^^ = f -1 and liVk^n^x) = K^x) - liVk^L) all k,m. 
(r) For any w gW, s G S we have 

^~^Tsw ii ws <w 

£,~^fs^-f^ iiws>w. 



Thus we see in the expression T„Tt, = J2w fu,v,wTw, the degree L of fu,v,w is 
at most D + l{y). Using (p) we see that 

L < a{wx) = liwx). 

Using (q) and (r) we see that 

(s) If L = a{wx) then yk,m are the neutral element of W for all k, m, here we set 
Ph+1,1 =Pi,i- 

7.2. A multiplication formula 

In this section we give a multiplication formula in Jrnr-i> based on the com- 
putation in section 7.1. 

Theorem 7.2.1. Let u,v be in Fx n F^^ such that all components of e{u) are 
non-negative, ei{u) = e{u), ei\{v) = 2 and other components of e{v) are 0. Then 
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where w runs through the set 

{w gTxD I e{w) = e{u) + + Tij^ for some 1 < j2 < ji < rii 

and e{u) + e Dom{Fx)}, 

see the proof of Theorem 6.4.1 for the definition of Tij. 
Proof. Keep the notation in 7.1.2. 

Assume that s{u)+Tij^ G Dom(Fx) and w € FAfir^^, s{w) = s{u)+Tij^ +Tij2- 
For aU 1 < fc < /i, set 

Zk,l = Sefc-i+ji— 2 ■ ■ ■ Sefc-i + lSefc-i 

and 

Zk,2 = Se^_i+j2-2 ■ ■ ■ Se^_i + lSej^_i . 

From the construction in section 5.3 and the arguments in 7.1.2 we see that fu,v,w 
has degree a{iu\) and its leading coefficient is 1. 

Now suppose that w € Txd T^^ and fu,v,w has degree a{wx). Let x,y be in 
Fa l^r^"'^ such that eii{x) = 1, eii{y) = £^2(2/) = 1 and all other components of e{x) 
and e{y) are 0. According to Prop. 6.3.7 we have = ty + ty. Using Prop. 6.3.7 
and the positivity 1.3 (f) we see that 

W £(w) = £j(«;) and ^ eij{w) = ^ £y(u) + 2. 

Moreover, all pk.m < k < h, m = 1,2) arc not greater than A^. By Lemma 5.4.4, 
7.1.2 (n-p), ■u(afe,pj^_^i > u{ak+i,p^_f.^^J for fc = 1,2, ...,h-l and -«(a/,,p^^^ ^-i) > 
u(ai,p^ 1 + n). We claim that pi^i = p2,i = ■ ■ ■ = ph^i. 

Otherwise, pk.i 7^ Pfe+1.1 for some 1 < k < h (recall that Ph+k.i = Pk.i)- By (*) 
and the construction in section 5.3, w{Ak) can not contain both M(afe,pj._^j and 
M(«fc+i,pfc+i,i) (we set u{ah+i,ph+i^i) = u(ai,pi J + n). By the arguments in 7.1.2 
(o) we see that 

(*) u{ak+i,pk+-,^j) is in ^(Afc-i) (we set Aq = Ah). 

Using the construction in section 5.3, we must have pk,i = Pk+i,i- A contra- 
diction, so the assumption pk^i 7^ Pfc+1,1 is not true. 

In a complete similar way we see that pi^2 = P2,2 = • ■ ■ = Ph,2- Since w G 
Tx nF^^ and £(tt;) = £i{w), we must have 1 < pi,i,pi,2 < fii. From the arguments 
in 7.1.2 we havepi,2 < Pi,i. Thus s{'w) = s{u)+Tij^ +Tij2 foi" 1 < i2 =Pi,2 < ji = 
Pi,i < rii. 

The theorem is proved. 

Theorem 7.2.2. Let u,v he in Tx n F^"'^ sucii that ei{u) ~ e{u), all components 
of e{u) are non-negative, £ii{v) = £i2(v) = 1 and other components of s(v) are 0. 
Then 

w 

where w runs through the set 

{w eTxf) I s{w) = e{u) + Tij^ + Tij^ for some I < j2 < ji < rii, }• 
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Proof. Let x,y be in T\ n F^^ such that £,1(0;) = 1, ei\{y) = 2 and all other 
components of e{x),e{y) arc 0. According to Prop. 6.3.7 wc have t'^ = ty+ ty. Now 
considering tut^ and using Prop. 6. 3. 7 and Theorem 7.2.1 we see that the required 
result is true. 



CHAPTER 8 



The Based Rings Jr^nr^^ Jc 

In this chapter we wih prove Conjecture 2.3.3 using the formulas in Chapters 
6 and 7. This completes our proof of Lusztig Conjecture for type A^-i- In section 
8.1 we give some lemmas about multiplication in Jp^^p-i. In section 8.2 we give a 
proof for Conjecture 2.3.3 and give a summary of our proof of Lusztig Conjecture on 
based ring for type An-i- Also we give a few comments about a possible geometric 
realization of -/p^nr"^- section 8.3 we consider the afRne Weyl group associated 
with the projective linear group PGLn{C). For the affinc Wcyl group wc show that 
Lusztig Conjecture on based ring should have a weak form since the algebraic group 
PGLn{C) is not simply connected. In section 8.4 we show that Lusztig Conjecture 
on based ring is true for the extended affine Weyl group associated with the special 
linear group <S'L„(C). 

8.1. Some lemmas 

In this section we establish some lemmas about multiplication in Jp^^p-i. Let 

N be the subset of n F^^ consisting of all elements m in F;)^ n F^^ with e{'w) = 
ei{w). Let Wj (1< j < ^i) be in N such that 

(1) eii(wj) = ei2{wj) = • • • = Eijiwj) = 1, 

(2) other components of s{wj) are 0. 

Then Wj is corresponding to the (i, j)-th fundamental weight of Fx. Using the 
bijection e : Fa H F^""^ ^Dom(F\) we shall identify A'' with the set ^^om (^^® '^■^ 
for the definition oiZ^^^)- Under the identification, we have 

w = {en (w) , £i2 (w) , ■ ■ . , {w)) 

iiw gn. 

Lemma 8.1.1. Let w G N. Then we have 

See section 6.4 for the definition of Wm * w- 

Proof. When all components of e{w) are nonnegative, it is entirely similar to 
the proof for Theorem 6.4.1. Here we need consider tu,^t^_^ first. Thus the lemma 
is true if all components of e{w) are nonnegative. 

Note that lj^'^w is in Fa HF^^. In general wc can find a positive integer k such 
that all components of £{u)^^^w) are nonnegative. Let yj (1 < j < p) be in F^ flF^^ 
such that e(yj) = £j(a;'^"w). Note that all components of e{yi) are nonnegative and 
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Ui e A''. According to Theorem 6.4.1 and its proof, and Prop. 6.3.7, we have 



The lemma is proved 

Lemma 8.1.2. Let w G N. Recall that t^.tw = X^^gpAnr^^ lwj,w,utu- We have 
ue N and Sik{w) < Sik{u) < eik{w) + 1 for all k if 7u,^.,^,„ 7^ 0. 

Proof. First we show that Sik{w) < eik{u). Using Lemma 8.1.1 we see that it 
is harmless to assume that all components of e(w) are non-negative. Using Prop. 
6.3.7 we see that u is in A'' if jwj,w,u 7^ 0. Since t^j appears in t{j^ with non-zero 
coefficient, considering t{^^tyj, by the positivity (see 1.3 (f)) and Prop. 6.3.7 we see 
that Sik{w) < £ik{u) if 

^Wj ,w,u 

Now we show that £ife (u) < Sik{w) + 1. Let w^- = w~j *Wj. Using Prop. 6.3.8 we 

see that t^,i appears in i"'^/ with non-zero coefficient. Now consider t"''7itw By 

Lemma 8.1.1 we may assume that all components of e(w) are non-positive. By the 
positivity and Prop. 6.3.8 we see that £ik{u) < £ik{w) and u is in A?' if 'yw'^,w,u 7^ 0. 
Multiplying both sides of ty^'^t^ — X^uew lw'.,w,utu by tw„. and using Lemma 8.1.1 
we see that £ik{u) < eifc(w) + 1 for all k if ^wj,w,u 7^ 0. 
The lemma is proved. 

Proposition 8.1.3. Let w & N. Then tyj.tw = J2u^u, where u runs through the 

set consisting of all x G N such that e{x) = e{w) + Tik^ + nk^ H h nk^ for some 

sequence 1 < ki < k^ < ■ ■ ■ < kj < rii. See the proof of Theorem 6.4.1 for the 
definition of Tik. 

Proof. Using Lemma 8.1.1 we may and will assume that all components of e{w) 
are non-ncgativc. 

We use induction on the sum 

E{w) = e^l{u>) H h £,:„,; 

When E[w) = 0, the lemma is trivial. When E{w) = 1, the lemma follows from 
Prop. 6.3.7. Now suppose that the lemma is true when E{w) < a. We need show 

that the lemma then is true for £'(■0;) = a + 1. 

We define two bilinear forms, one for ,/jv. the subring of J^^nr''^ spanned by 
all tu {u G N), the other for Rq l„ . (C) • We define 

and 

where Vu G -Rgl„ . (C) stands for an irreducible module of GL„; (C) of highest weight 
u & N, recall that we identify A'' with Z^om- 



^yi*---*yi-i*(wni*yi)*Vi+i---*yp^i^ 



'wx 



— til 
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Let u,y & N. We say that tu J2xeN '^^^^ («x € Z) has the right y-component if 

{ty, tu ^ a-xtx) = {Vy, Vu ^ axV:^). 
xeN xGN 

We say that tu J2xeN ^x^x has the right form if it has the right ?/-component for all 
y GiV. 

By Prop. 6.3.7 and Theorem 7.2.2, we have 

(a) if tu^x^^axtx has the right y-component (resp. right form), then both 
Y^xeN o-xtx)twi and [tu J2xeN o-xtx)tw2 have the right y-component (resp. right 

form) . 

Obviously we have 

(b) if tu X/re Y "^aj^x and t^^bxtx have the right t/-componcnt (resp. right form), 
then tu 5^j;gAr(aa; i hx)tx has the right j/-component (resp. right form). 

We need to show that t^j^tu, has the right from. 

Let 5k G Z"' be such that its fcth component is 1 and other components are 0. 
By induction hypothesis, we know that tyj^taSi has the right form, recall that we 
identify N with Z^,^. Thus 

(c) tvj.taSi = <(a+l)5i+52 + ---+<5., +*a<5i+(52 + ---+<5j+<5j + i- 

(Convention: If fc > rii, then tx+s^ = for any x £ '^^om' ^^'-^ -^^ ^'-'^ 
in Z^;^, then tx = 0.) 

Multiplying t-wi to both sides of (c) and using Prop. 6.3.7, we get 

twj{t{a+l)Si +taSi+S2) 

t{a+2)5i+52 + -+Sj + t(a + i)Si+252 + ---+5j + t(a+l)5i+52 + ---+5j + i 
+t(a+l)6i+52 + ---+Sj+dj + x + taSi+2S2 + ---+Sj+Sj + i 
+taS 1+^2 H \-Sj+5j+i+6j+2 • 

By (d) and Lemma 8.1.2, we see 

(e) t(a_|_2)<5i+(52H \-Sj appears in twjt(^a+i)Si with coefficient 1; and all the three 

elements t^a+i)5i+2S2+-+5i, taSi+2S2+-+S-i+S-i+i, taSi+S2+-+Sj+Sj+i+S-i+2 appear in 
tw-itaSi+S2 with coefficient 1. 

We wish to show that tu'3 t(a+i)<5i has the right form. By induction hypothesis, 
iu;3*(a-i)5i+52 has the right form, so t«,^t(a-i)5i+<52imi has the right form. We may 
use Prop. 6.3.7 to expand the expression t^i;.t(^a-i)Si+S2twi- Using Lemma 8.1.2 

we see that t^a+i)5i+S2-i \-Sj+Sj+i appears in t^^ta5i+(52 with coefficient 1. Thus 

twjta5i+52 has the right form. By (d), tu,jt(a+i)(5i has the right form. 

We shall use the lexicographical order on Z"' with (1,0,. ..,0) > (0,1,..., 0). 
Now suppose that if all components of w' are non-negative and E{w') = E{w) = 
a + 1, w' > w, then tu,.t^,i has the right form. We need show that tuj^t^j has the 
right form. Choose k such that eikiw) > but eii{w) = for alH > A;. If A; = 1, 
we have showed that tw^tw has the right form. So we may assume that fc > 1. 



(d) 
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By induction hypothesis and (a), twjtw-5k-i-Sk^w2 has the right form. By 
induction hypothesis again, we see 

(f) twj{tw + tw-&h-^+Sk+i +tw-5k+Sk+i +tw-Sk-i-Sk+Sk+i+Sk+2) has the right form. 

Since tu,jfu,-5fc_i-5fe+(5fe+ii-u)i has the right form, by induction hypothesis, we 

get 

(g) t^,{tw-&k^^+Su+i +tw~Sk+Sk+i +iw-Sk-i-Sk+Sk+i+&k+i) has the right form. 

Using (b) and (f-g), we see that t^^tw has the right form if all components of 
e{w) are nonnegative. 

The lemma is proved. 

8.2. The based ring ^pAnr"^ and the based ring Jc 

Now wc can prove Conjecture 2.3.3. 

Theorem 8.2.1 The map tw — >■ V(£(w)), w G r;^nr^^, defines a ring isomorphism 
from Jp^PiP-i to Rf^. 

Proof. Use Theorem 6.4.1, Lemma 8.1.3 and 4.2 (f). 

Combining Theorem 2.3.2, Theorem 5.2.6 and Theorem 8.2.1, we see that 
Lusztig Conjecture on based ring for type An-i is true. 

8.2.2. Here we give a summary of our proof of Lusztig Conjecture on based ring for 
type An-i. Let c be a two-sided cell of the extended afhne Weyl group W associated 
with GLn{C). According to Shi [S] and Lusztig [L3], we have a corresponding 
partition A of n. Let /i be the dual of A and u £ GLn{C) a unipotent element whose 
Jordan form has partition ji. Then the centralizer of u in GL„(C) is connected and 
so is a maximal reductive subgroup F\ of the centralizer. Thus Lusztig Conjecture 
on the based ring Jc says that Jc is isomorphic to the x matrix algebra over 
the representation ring of Fx, where is the number of left cells of W in c. 

To prove the required result we first show that Jc is isomorphic to the x 
matrix algebra over the based ring of the intersection of a left cell in c and its 
inverse, see Theorem 2.3.2. Then we establish a bijection between the intersection 
and the set IrrFx of isomorphism classes of rational irreducible modules of F\ in 
Chapter 5, see Theorem 5.2.6. In Chapters 6-8 we show that the bijection leads to 
an isomorphism between the based ring of the intersection and Rp^, ■ This completes 
our proof of Lusztig Conjecture for type An-i- 

8.2.3. Let u be a unipotent element in GLn{C) whose Jordan blocks are determined 
by the dual partition of a partition A of n. Let S„ be the variety consisting of all 

Borcl subgroups of G'i„(C) that contain u. In [X4] we show that there is an 
equivariant F^-partition of S„. Using the partition we determine the equivariant 
if-group K^^{Bu X Bu). According to 3.2 (b) in [X4] and Theorems 2.3.2, 5.2.6, 
8.2.1, we know that as i?i?^-modulcs, the equivariant JC-group K^^{Bu x By) is 
isomorphic to Jc, where c is the two-sided cell of W corresponding to A. 

One can define a convolution on K^^(Bu x By)- In [LIO] Lusztig found some 
canonical bases for some equivariant ii'-groups. It is likely that 
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(1) under the convolution the equivariant -fC-group K^^ (B„ x By) becomes an as- 
sociative ring with 1, 

(2) there exists a canonical Z-basis of K^^ [Bu x By) whose elements are one to one 
corresponding to the elements of the two-sided cell c, 

(3) the bijection between the canonical Z-basis in (2) and c leads to the ring iso- 
morphism between K^^{Bu x Bu) and Jc- 

(4) the map from an afBne Hecke algebras to the based ring of a two-sided cell of the 
corresponding extended afBne Weyl group defined in [L5] has a natural geometric 

explanation. 

In next section we explain that Lusztig Conjecture on based ring can not be 
generalized to arbitrary extended afJine Weyl groups. 

8.3. PGL„{C) 

In this section we consider the projective linear group PGL„(C) of degree n. 
The extended affine Weyl group associated with PGL„(C) is just an afSne Weyl 
group of type An-i- We shall identify it with the affine Weyl group W in 2.1.3 
(c). For each two-sided cell c (rcsp. left cell F, right cell $) of the extended affine 
Weyl group W associated with GL„(C), the intersection c' = cHW' (resp. TCiW, 
$ n W) is a two-sided cell (resp. left cell, right cell) of W. Obviously, the based 
ring Jc' of c' is a subring of Jc- 

Now assume that n = 2 and c' is the lowest two-sided cell of W, i.e., the 
two-sided cell containing si,so- The two-sided cell c' contains two left cells. Let 
Ti {i = 0, 1) be the left cell in c' such that R{Ti) = {si}. Then 

Tl = {Sl, SqSi, SiSqSi, SoSiSqSi, ...}, 

To = {so, S1.S0, SqSiSq, SiSqSiSq, ...}. 

The reductive group corresponding to c' is Fc' = PGL2{C). 

Suppose that there existed a finite Fc/-set Y and a bijection tt : c' ^ the 
set of isomorphism classes of irreducible Fc' vector bundles on Y x Y such that 
the map tw — *■ it{w) defines a ring isomorphism (preserving the unit element) 
between Jc' and Kp^,{Y x Y). Since Fc' is connected, Y must be a trivial Fc'-set. 
Moreover, since c' contains two left cells, this forces that Y contains two elements. 
Thus Kp^,{Y X Y) is isomorphic to the 2x2 matrix algebra M2{Rf^,) over the 
representation ring Rp^, of Fc'. As a consequence there should exist an element 
w in Fo n Fj^^ and an element u in Fi fl Fq ^ such that tyjtu = tg^. But this is 
impossible since we have 

To n F;f ^ = {SlSO, SlSoSlSo, SiSqSiSoSiSO, •■•}, 
Fi n Fq ^ = {sqSi, SqSiSqSi, SqSiSqSiSoSi, ...}, 

and 

*(siso)''*(sosi)' ~ 5^ *si(sosi)9- 

[fe-(|<g<|fe+(-l[ 

Therefore we can not find the required Fc'-set Y and map tt for the two-sided 
cell c' of W , so that Lusztig Conjecture on based ring can not be generalized 
to arbitrary extended affine Weyl group. However a weak form of the conjectiirc 
might be true which now we are going to state. Let Wg be the extended affine 
Weyl group associated with a connected reductive algebraic group G over C and 



88 8. THE BASED RINGS AND 

let c be a two-sided cell of Wg- Denote by Fc the reductive group corresponding 
to c. It is likely that for any left cell F in c wc can find a finite transitive i^c-set 
Yr such that there exists a bijection 7rr : T ^ the set of isomorphism classes of 
irreducible Fc vector bundles on Ir x ^ such that the map tyj Tr{w) defines a 
ring isomorphism (preserving the unit element) between Jrnr-i and Kp^, {Yr x Ir)- 

Now we show that the weak form of Lusztig Conjecture on based ring is true 
for W. Let c, Tj, Tx, Aij be as in section 2.3. Then = fl W is a left cell of 
W. Clearly we have 

(a) The map : An An in section 2.3 induces a bijection : F- n F'^^ 

r; nFV\ 

Using Theorem 2.3.2 (a-b) we get 

(b) The map — > t<^j.(u,) induces a ring isomorphism from Jp,p p,-i to Jp, np/-i, 
where F'^^ = Fi n W^' = Fa n W is the left cell of W containing wx- 

(c) The based ring Jp'^nr'-^ commutative. 

Recall that we also regard as a permutation group of Z (sec 2.1). Then W' 
is a permutation group of Z consisting of all the permutations a that satisfy (1) 
a{i + n) = a{i) + n for all i € Z and (2) X]"=i(o'(i) — i) = 0. Thus we have 

(d) Let w be in Fa nF^^. Then w is in F^ flF'^ ^ if and only if the sum of all Sij{w) 
{l<i<p, l<j<ni) is 0. 

Let Fx be the quotient group of Fx moduloing the center of GL„(C). Then 

F\ is isomorphic to the reductive group corresponding to the two-sided cell of W 
containing wx- Let Dom(FA) be the subset of Dom(FA) consisting of all elements 
(sij) in Dom(FA) that satisfy ^ = 0. Then we have 

l<i<p 
l<j<ni 

(e) The map £ : F^ n F'^^ — >Dom(FA) is a well defined bijection. 

(f) The set of isomorphism classes of rational representations of F\ is one to one 
corresponding to the set Dom(FA). 

For e £Dom(Fx) we shall use V{e) to denote a rational representation of Fx 
with highest weight e. According to the above discussion and using Theorem 8.2.1 
we get 

Theorem 8.3.1. TJie map t^j V{e{w)), w e F^ n F'^ , defines a ring isomor- 
phism from Jp,^|^p,-i to Rp^- 

In next section we will show that Lusztig Conjecture on based ring is true for 
the extended aflane Weyl group associated with the special linear group S'L„(C). 
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8.4. 5L„(C) 

8.4.1. In this section we show that Lusztig Conjecture on based ring is true for 

the extended afhnc Weyl group W associated with the special hncar group 5L„(C) 
of degree n. It is known that W' is a quotient group of the extended affine Weyl 
group W associated with GL„(C). The kernel is generated by w". For an element 
w oi a. subset K'mWwe shall use w or .K" to denote its image in W. The following 
property is obvious. 

(a) Let w and u be in W. Then w and u arc contained in the same left cell (resp. 
right cell, two-sided cell) of W if and only if w and u are contained in the same left 
cell (resp. right cell, two-sided cell) of W. 

Let H be the Hecke algebra of W over A = Zlq, q~^] with parameter q^. Then 
H is a. quotient algebra of the Hecke algebra H of W. The kernel is generated by all 
Tu"w — Tw Let w, u, V be in W . As for W , we can define the Laurant polynomial 
hw,u,v by means of the Kazhdan-Lusztig basis of H and define the integer 7u),«,s 
using the Laurant polynomial hyj,u,v- 

Let w, u, V be in W. Then we have 

(b) hyj^ii^y — 

(c) 'yw,u,v ~ 'yw,u,v- 

Let J be the based ring of W with basis elements t^, w G W and structure 
constants jw.u,v- Then J is a quotient ring of the based ring J of W. The kernel 
is generated by all C^ui — tyj. Let c be a two-sided cell of W and c the two-sided 
cell of W corresponding to c. Then Je is a quotient ring of the based ring Jc of c, 
the kernel is generated by all t^^^^^ — t^, w G c. Similar conclusion is true for the 
based ring J^f^f-i, where F is a left cell in c. 

Let Vx, Ti, Aij and (pij be as in section 2.3. The image in W of Aij is denoted 
by Aij. Then induces a bijection from Aij to ^n. We denote the induced map 
also by According to the above discussion and Theorem 2.3.2 we have 

Theorem 8.4.2. Let c be the two-sided cell ofW corresponding to a partition A 
of n and fi the dual partition of A and c the corresponding two-sided cell in W. 

(a) The map tw ttpuiw) induces a ring isomorphism from Jp.f-^p-^ to Jp^f^r-^- 

(b) The based ring Jp^nT^^ commutative. 

(c) The map tn) — > E{t^..(^yrj^,i,j), w S Aij defines an isomorphism from the based 
ring Jc to M„^(Jp-ip|p^), the x matrix algebra over the ring Jf-if^f^- 

8.4.3. Lot u and Fx be as in Chapter 4. Then u is in S'L„(C). Let F( = Fx n 
SLn{C). Then F( is a maximal reductive subgroup of the centralizer in S'L„(C) of 
u. Since contains the derived group of Fx. we have 

(a) The restriction to F^ of an irreducible rational representation of Fx is irre- 
ducible. Any irreducible representation of F'^ can be obtained in this way. 

Let Dom(FA) be as in section 4.1 and be as in section 5.1. The following 
result is obvious from the definition of Fx and F(. 
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(b) Let £ = (eii, Spnp) be a dominant weight in Dom(F\) and V{e) an irreducible 

representation of F\ of highest weight e. Then the restriction to Fi^ of V{e) is trivial 
if and only if there exists an integer k such that Sij = kvi for all i = 1,2, ...,p and 
j = l,...,ni. 

We introduce an equivalence relation on Doni(FA). Let e = {sij) and ( = (f^) 
be in Dom{F\). We say that e and ^ are equivalent if there exists an integer k such 
that Eij — ^ij = kvi for all The equivalence class containing e will be denoted 
by £ and the set of all equivalence classes in Dom(F^) is denoted by Dom(F^). By 

(b) we get 

(c) For each element £ in Dom(F() we have an irreducible rational representation 

V{e) of F'^ with highest weight e. The map e V{e) is a bijection from Dom(F() 
to the set of isomorphism classes of irreducible rational representations of F'^^ . 

Let Tx be as in section 2.3 and let w and u be elements in F;^ fl F^^. It is easy 
to see that w = uii and only if e{w) and e{u) are equivalent. Thus for each w in 
T\ n f we have a well defined element £(iD) = e{w) in Dom(FJ^), where t« is a 
preimage inW oiw. Using Theorem 5.2.6 (b) we get 

Theorem 8.4.4. The map s : w ^ e{w) defines a bijection from Tx fl F^^ to 

Dom(F(). 

Using 8.4.3 (a), 8.4.1 (c), Theorem 8.2.1 and Theorem 8.4.4 we get 

Theorem 8.4.5. The map V{e{w)) defines a ring isomorphism between the 

based ring t/j=,^pp-i and the representation ring Rp^ of F^. 

Combining Theorems 8.4.2, 8.4.4 and 8.4.5 we see that Lusztig Conjecture on 
based ring is true for the extended affine Weyl group associated with SLn{C). 

It is expected that the explicit knowledge on the based rings will have appli- 
cations to understand the representations of Hecke algebras of W . Also we can 
compute some iJ,{y,w) (the coefficient of in the Kazhdan-Lusztig 

polynomial Py,w) using the explicit knowledge on the based rings, the details will 
appear elsewhere. 
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Notation 



U.2 



51.3 



A 

l{w) 
p 

y-w 
y -< w 

I 

a{v) 

L{w) 
R{w) 
f 

w<u, w<u, w<u 

L R LR 

W ^ U, W ^ U, W ~ U 
L R LR 

V 
P 

R 

Wo 

Wo 



fl 
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DL{s,t), DR{s,t) 
*w, w* 



51.5 



< s,t> 
IitFc 

J , Jc, ^rnr-i 

in) 



^2.1 
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NOTATION 



Si 

Ti , ...^Ti^ . . . , 
U} 

o 

§2.2 

rifj, 

W\ 

Ta 

X{w) 

fj,{w) 

§2.3 

Fx 

§3.1 

Xl, Xj^j iiJyj, 

§3.2 

Xi 

x+ 

§3.3 

mi 

§4.1 

Dom(FA) 

Fa 

'^dom 

§4.2 
§5.1 

ei 

Hi 

P 

A,- 

§5.2 

£kA,j, Sk,i,j{w) 
e{'w) 

§6.1 



NOTATION 

fu,v,w 

T{w) 

§6.2 

Ic 

rUc 

Si{w) 

§6.4 

X *y 

ni 

§8.1 

Wi, ...,Wi, ...,Wni 



